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Motivations

» Formally studying PLs
» Representation of Terms / Typing derivations
» With good properties: closed under renaming and substitution,
normalising
» Themselves with good properties

» Writing DSLs

» Strong guarantees (type, scope safety)
» With ASTs we can inspect (optimise, compile)



Simple Types

Minimal system: A record type, a sum type and function spaces.

data ty : Set where
‘Unit : ty
‘Bool :ty

\

= (ot ity) >ty

data Con : Set where
g :Con
o :Con—ty— Con



Deep Embedding - Variables

Typed de Bruijn indices

data _€_ (o : ty) : Con — Set where
zero o€ *0)
1+ o€l —-ocel +1)



Deep Embedding - Terms

ASTs type and scope correct by construction

data _~_ (I : Con) : (o : ty) — Set where
‘var t(v:c€el—>Tko
'Y @t:THFO'-t)w:T'rFo)-Tk1
‘A c(t:Teock1)>TF(0'—>17)
() : I'F'Unit
‘tt \ff : I' - 'Bool
‘ifte :(b: T'F'Booh(lr:T'tFo)->Tko



Goguen & McKinna: Conspicuously similar functions

ren:(t:I'Fo)(p:A[ren& 1) —> Ao
ren (‘var v) p=ren|var] (p _v)
ren (1 'S u) p=rentp'Srenup

ren (‘A1) p ="A(ren t (renextend p))
ren '() p="0
ren ‘tt p="tt
ren ‘ff p='ff

ren (‘ifte b1 r) p="ifte (ren b p) (renl p) (ren r p)



Goguen & McKinna: Conspicuously similar functions

sub: (t:T'Fo)(p:A[sub& TN —> Ao
sub (‘var v) p =sublvar] (p _v)
sub (1 '$ u) p=subtp'$subup

sub (‘A1) p ="A (sub t (subextend p))
sub *() p="0
sub ‘tt p="'tt
sub ‘ff p='ff

sub (‘ifte b1 r) p="ifte (sub b p) (sub ! p) (sub r p)



Factoring Out the Common Parts

record Syntactic (& : (I" : Con) (o : ty) — Set) : Set where
field embed : (o0 :ty) >0 €l - &I 0o
wk I'CA—->8Tloc—>& Ao
[var] :&Toc—->Tko



Implementing the traversal Once and For All

syn: (& :Syntactic &) (t : 'o)(p: A[&E]T)—> Ao
syn & (‘varv)  p = Syntactic.[Jvar]] § (p _v)

syn$ (t 'S u) p=synStp'SsynSup

syn S (‘A1) p="A(syn & t (synextend & p))

syn 8 () p="0

syn & 'tt p="tt

syn & ‘ff p="ff

syn S (‘ifteblr) p="ifte(syn S bp)(syn S p)(syn S rp)

synextend : (& : Syntactic &) (p : A[E ] ) > Aec[E ] 0
synextend 8 p=[& ] p’ ‘e var
where var = Syntactic.embed & _ zero

/

p' = Ao — Syntactic.wk & (steprefl) e p o



Is that 1t? Not quite.

P Other interesting instance?

P Properties of these traversals? (4 fusion lemmas)
» What if [ don’t program in Agda?

P Generic boilerplate for all syntaxes with binding?



Normalisation by Evaluation’s “eval”

sem:(t:I'Fo)(p: A[_F"™_1I)— AF" ¢
sem (‘varv)  p=seml[var] (p_v)

sem (7 'S u) p=semtp$"semup

sem (‘A1) p = sem/ (sem t) (semextend p)
sem () p=

sem 'tt p="tt

sem ‘ff p='ff

sem (‘ifte bl r) p=ifte’™ (sem b p) (sem [ p) (sem r p)



Normalisation by Evaluation’s “eval”

sub: (t:T'Fo)(p:A[sub& TN —> Ao
sub (‘var v) p =sublvar] (p _v)
sub (1 '$ u) p=subtp'$subup

sub (‘A1) p ="A (sub t (subextend p))
sub *() p="0
sub ‘tt p="'tt
sub ‘ff p='ff

sub (‘ifte b1 r) p="ifte (sub b p) (sub ! p) (sub r p)



An Abstract Notion of Semantics

record Semantics (& .4 : Con — ty — Set) : Set where
field



An Abstract Notion of Semantics

record Semantics (& .4 : Con — ty — Set) : Set where
field

wk c I'CA—->&Tloc—-&Ac
embed : Vo -o0c€l - &Tlc
lvar] : &lrfoc—> M T o



An Abstract Notion of Semantics

record Semantics (& .4 : Con — ty — Set) : Set where
field

wk c I'CA—->&Tloc—-&Ac
embed : Vo—-oce€el - &Iloc
lvar] : &lrfoc—> M T o

Al : @: VA>T CA->&EAc—>MAt)> MT (6 '—> 1)



An Abstract Notion of Semantics

record Semantics (& .4 : Con — ty — Set) : Set where
field

wk c I'CA—->&Tloc—-&Ac
embed : Vo—-oce€el - &Iloc
lvar] : &lrfoc—> M T o

Al : @: VA>T CA->&EAc—>MAt)> MT (6 '—> 1)
8] : AT (c'>0)>MTc—>MT 7



An Abstract Notion of Semantics

record Semantics (& .4 : Con — ty — Set) : Set where
field

wk c I'CA—->&Tloc—-&Ac
embed : Vo -o0c€l - &Tlc
lvar] : &lrfoc—> M T o

Al : @: VA>T CA->&EAc—>MAt)> MT (6 '—> 1)
8] : AT (c'>0)>MTc—>MT 7

O] : 4 I ‘Unit
(tt] : 4 I ‘Bool
[ff] : 4 I ‘Bool
lifte]] : (b: M T ‘Bool)y(lr: M T o)— MT c



And a Fundamental Lemma

lemma: (t:T'tFo)(p:A[&T)—> M Ao
lemma (‘varv)  p=|var| $p_v

lemma (¢ '$ u) p=lemmatp [[$]| lemmau p

lemma (‘A ) p=1[A] Aincu—lemmat$[ & ]wk[wk]incp'eu
lemma ' () p= 1[0l

lemma 'tt p = [tt]

lemma ‘ff p = [ff]

lemma (‘ifte b1 r) p= [ifte] (lemma b p) (lemmal p) (lemma r p)



Various Instances

Renaming : Semantics (flip _e_) _+_
Substitution : Semantics _+_ _F_
Printing : Semantics Name Printer

Normalise”" : Semantics E""_ M



Is that 1t? Not quite.

P Other interesting instance?

P Properties of these traversals? (4 fusion lemmas)
» What if [ don’t program in Agda?

P Generic boilerplate for all syntaxes with binding?



A Relational Interpretation

record Synchronisable
(&* : Semantics &* #*) ($® : Semantics &° #®)
(8% 1 &*"T'c— &I 0 — Set)
(MR . M T 6 — M® T 6 — Set) : Set where
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A Relational Interpretation

record Synchronisable
(&* : Semantics &* #*) ($® : Semantics &° #®)
(8% 1 &*"T'c— &I 0 — Set)
(M* . M T 6 — M® T 6 — Set) : Set where
EX o (inc:ACO) (Pt WV[E,EP]ER PP ) —
‘W[ &*, &® ] &R (wk[ $*.wk ]inc p*) (Wk[ SE.wk | inc p®)

Rlvar] : (w:oc€l)(p*:'V[&,&®]&Rp"p®) —

MR (S*.|var] (p* o v)) ($B.[var] (p® 6 v))
RIA] = (ff:(pr: T CA) W : & u*u?)— M*(f* pru) (f° pru®))

= M (S [A] ) (SEA] £



And a Fundamental Lemma

lemma: (t: T'Fo) (P :'V[&*, &% ] & p*p°) —
ME(SPE[] P (SPE[1] P
lemma (‘var v)  p® =R]|var] v p*

lemma (f '$ 1) R=R[$] (lemma f p*) (lemma ¢t p¥)
lemma (‘A ¢t) R=R[A] Aincu® — lemmaz ([ &, &, & ] & incp
lemma ‘() F=R[O]
lemma 'tt R =R[[tt]
lemma ‘ff R =R[[ff]
R

lemma (‘ifte b1 r) p® =R][ifte] (lemma b p*) (lemma [ p*) (lemma r p¥)



An interesting corollary

SynchronisableNormalise : Synchronisable Normalise”*” Normalise””
(EQREL _ ) (EQREL _ )

refl™ . (t: o) (pf: W[ _E" | ](EQREL _ ) p* p®) —
EQREL 4 6 (Normalise’”" [ 1 ]| p*) (Normalise’”" [ t | p®)
refl”" t p® = lemma t p® where open Synchronised SynchronisableNormalise



Is that it? Not quite.

P Other interesting instance?
P Properties of these traversals? (4 fusion lemmas)
» What if I don’t program in Agda?

P Generic boilerplate for all syntaxes with binding?



Using this somewhere else

The programming part of this talk can be implemented in Haskell:
https://github.com/gallais/type-scope-semantics/
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