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Motivations

▶ Formally studying PLs
▶ Representation of Terms / Typing derivations
▶ With good properties: closed under renaming and substitution,

normalising
▶ Themselves with good properties

▶ Writing DSLs
▶ Strong guarantees (type, scope safety)
▶ With ASTs we can inspect (optimise, compile)
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Simple Types

Minimal system: A record type, a sum type and function spaces.

𝖽𝖺𝗍𝖺 𝗍𝗒 ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
‵𝖴𝗇𝗂𝗍 ∶ 𝗍𝗒
‵𝖡𝗈𝗈𝗅 ∶ 𝗍𝗒
_‵→_ ∶ (𝜎 𝜏 ∶ 𝗍𝗒) → 𝗍𝗒

𝖽𝖺𝗍𝖺 𝖢𝗈𝗇 ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝜀 ∶ 𝖢𝗈𝗇
_∙_ ∶ 𝖢𝗈𝗇 → 𝗍𝗒 → 𝖢𝗈𝗇
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Deep Embedding - Variables

Typed de Bruijn indices

𝖽𝖺𝗍𝖺 _∈_ (𝜎 ∶ 𝗍𝗒) ∶ 𝖢𝗈𝗇 → 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗓𝖾𝗋𝗈 ∶ 𝜎 ∈ (𝛤 ∙ 𝜎)
𝟣+_ ∶ 𝜎 ∈ 𝛤 → 𝜎 ∈ (𝛤 ∙ 𝜏)
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Deep Embedding - Terms

ASTs type and scope correct by construction

𝖽𝖺𝗍𝖺 _⊢_ (𝛤 ∶ 𝖢𝗈𝗇) ∶ (𝜎 ∶ 𝗍𝗒) → 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
‵𝗏𝖺𝗋 ∶ (𝑣 ∶ 𝜎 ∈ 𝛤 ) → 𝛤 ⊢ 𝜎
_‵$_ ∶ (𝑡 ∶ 𝛤 ⊢ (𝜎 ‵→ 𝜏)) (𝑢 ∶ 𝛤 ⊢ 𝜎) → 𝛤 ⊢ 𝜏
‵𝜆 ∶ (𝑡 ∶ 𝛤 ∙ 𝜎 ⊢ 𝜏) → 𝛤 ⊢ (𝜎 ‵→ 𝜏)
‵⟨⟩ ∶ 𝛤 ⊢ ‵𝖴𝗇𝗂𝗍
‵𝗍𝗍 ‵𝖿𝖿 ∶ 𝛤 ⊢ ‵𝖡𝗈𝗈𝗅
‵𝗂𝖿 𝗍𝖾 ∶ (𝑏 ∶ 𝛤 ⊢ ‵𝖡𝗈𝗈𝗅) (𝑙 𝑟 ∶ 𝛤 ⊢ 𝜎) → 𝛤 ⊢ 𝜎
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Goguen & McKinna: Conspicuously similar functions

𝗋𝖾𝗇 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌 ∶ 𝛥 [ 𝗋𝖾𝗇ℰ ] 𝛤 ) → 𝛥 ⊢ 𝜎
𝗋𝖾𝗇 (‵𝗏𝖺𝗋 𝑣) 𝜌 = 𝗋𝖾𝗇⟦𝗏𝖺𝗋⟧ (𝜌 _ 𝑣)
𝗋𝖾𝗇 (𝑡 ‵$ 𝑢) 𝜌 = 𝗋𝖾𝗇 𝑡 𝜌 ‵$ 𝗋𝖾𝗇 𝑢 𝜌
𝗋𝖾𝗇 (‵𝜆 𝑡) 𝜌 = ‵𝜆 (𝗋𝖾𝗇 𝑡 (𝗋𝖾𝗇𝖾𝗑𝗍𝖾𝗇𝖽 𝜌))
𝗋𝖾𝗇 ‵⟨⟩ 𝜌 = ‵⟨⟩
𝗋𝖾𝗇 ‵𝗍𝗍 𝜌 = ‵𝗍𝗍
𝗋𝖾𝗇 ‵𝖿𝖿 𝜌 = ‵𝖿𝖿
𝗋𝖾𝗇 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌 = ‵𝗂𝖿 𝗍𝖾 (𝗋𝖾𝗇 𝑏 𝜌) (𝗋𝖾𝗇 𝑙 𝜌) (𝗋𝖾𝗇 𝑟 𝜌)
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Goguen & McKinna: Conspicuously similar functions

𝗌𝗎𝖻 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌 ∶ 𝛥 [ 𝗌𝗎𝖻ℰ ] 𝛤 ) → 𝛥 ⊢ 𝜎
𝗌𝗎𝖻 (‵𝗏𝖺𝗋 𝑣) 𝜌 = 𝗌𝗎𝖻⟦𝗏𝖺𝗋⟧ (𝜌 _ 𝑣)
𝗌𝗎𝖻 (𝑡 ‵$ 𝑢) 𝜌 = 𝗌𝗎𝖻 𝑡 𝜌 ‵$ 𝗌𝗎𝖻 𝑢 𝜌
𝗌𝗎𝖻 (‵𝜆 𝑡) 𝜌 = ‵𝜆 (𝗌𝗎𝖻 𝑡 (𝗌𝗎𝖻𝖾𝗑𝗍𝖾𝗇𝖽 𝜌))
𝗌𝗎𝖻 ‵⟨⟩ 𝜌 = ‵⟨⟩
𝗌𝗎𝖻 ‵𝗍𝗍 𝜌 = ‵𝗍𝗍
𝗌𝗎𝖻 ‵𝖿𝖿 𝜌 = ‵𝖿𝖿
𝗌𝗎𝖻 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌 = ‵𝗂𝖿 𝗍𝖾 (𝗌𝗎𝖻 𝑏 𝜌) (𝗌𝗎𝖻 𝑙 𝜌) (𝗌𝗎𝖻 𝑟 𝜌)
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Factoring Out the Common Parts

𝗋𝖾𝖼𝗈𝗋𝖽 𝖲𝗒𝗇𝗍𝖺𝖼𝗍𝗂𝖼 (ℰ ∶ (𝛤 ∶ 𝖢𝗈𝗇) (𝜎 ∶ 𝗍𝗒) → 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖿 𝗂𝖾𝗅𝖽 𝖾𝗆𝖻𝖾𝖽 ∶ (𝜎 ∶ 𝗍𝗒) → 𝜎 ∈ 𝛤 → ℰ 𝛤 𝜎

𝗐𝗄 ∶ 𝛤 ⊆ 𝛥 → ℰ 𝛤 𝜎 → ℰ 𝛥 𝜎
⟦𝗏𝖺𝗋⟧ ∶ ℰ 𝛤 𝜎 → 𝛤 ⊢ 𝜎
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Implementing the traversal Once and For All

𝗌𝗒𝗇 ∶ (𝒮 ∶ 𝖲𝗒𝗇𝗍𝖺𝖼𝗍𝗂𝖼 ℰ) (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌 ∶ 𝛥 [ ℰ ] 𝛤 ) → 𝛥 ⊢ 𝜎
𝗌𝗒𝗇 𝒮 (‵𝗏𝖺𝗋 𝑣) 𝜌 = 𝖲𝗒𝗇𝗍𝖺𝖼𝗍𝗂𝖼.⟦𝗏𝖺𝗋⟧ 𝒮 (𝜌 _ 𝑣)
𝗌𝗒𝗇 𝒮 (𝑡 ‵$ 𝑢) 𝜌 = 𝗌𝗒𝗇 𝒮 𝑡 𝜌 ‵$ 𝗌𝗒𝗇 𝒮 𝑢 𝜌
𝗌𝗒𝗇 𝒮 (‵𝜆 𝑡) 𝜌 = ‵𝜆 (𝗌𝗒𝗇 𝒮 𝑡 (𝗌𝗒𝗇𝖾𝗑𝗍𝖾𝗇𝖽 𝒮 𝜌))
𝗌𝗒𝗇 𝒮 ‵⟨⟩ 𝜌 = ‵⟨⟩
𝗌𝗒𝗇 𝒮 ‵𝗍𝗍 𝜌 = ‵𝗍𝗍
𝗌𝗒𝗇 𝒮 ‵𝖿𝖿 𝜌 = ‵𝖿𝖿
𝗌𝗒𝗇 𝒮 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌 = ‵𝗂𝖿 𝗍𝖾 (𝗌𝗒𝗇 𝒮 𝑏 𝜌) (𝗌𝗒𝗇 𝒮 𝑙 𝜌) (𝗌𝗒𝗇 𝒮 𝑟 𝜌)

𝗌𝗒𝗇𝖾𝗑𝗍𝖾𝗇𝖽 ∶ (𝒮 ∶ 𝖲𝗒𝗇𝗍𝖺𝖼𝗍𝗂𝖼 ℰ) (𝜌 ∶ 𝛥 [ ℰ ] 𝛤 ) → 𝛥 ∙ 𝜎 [ ℰ ] 𝛤 ∙ 𝜎
𝗌𝗒𝗇𝖾𝗑𝗍𝖾𝗇𝖽 𝒮 𝜌 = [ ℰ ] 𝜌′ ‵∙ 𝗏𝖺𝗋

𝗐𝗁𝖾𝗋𝖾 𝗏𝖺𝗋 = 𝖲𝗒𝗇𝗍𝖺𝖼𝗍𝗂𝖼.𝖾𝗆𝖻𝖾𝖽 𝒮 _ 𝗓𝖾𝗋𝗈
𝜌′ = 𝜆 𝜎 → 𝖲𝗒𝗇𝗍𝖺𝖼𝗍𝗂𝖼.𝗐𝗄 𝒮 (𝗌𝗍𝖾𝗉 𝗋𝖾𝖿 𝗅) ∘ 𝜌 𝜎
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Is that it? Not quite.

▶ Other interesting instance?
▶ Properties of these traversals? (4 fusion lemmas)
▶ What if I don’t program in Agda?
▶ Generic boilerplate for all syntaxes with binding?
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Normalisation by Evaluation’s “eval”

𝗌𝖾𝗆 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌 ∶ 𝛥 [ _⊨𝛽𝜄𝜉𝜂_ ] 𝛤 ) → 𝛥 ⊨𝛽𝜄𝜉𝜂 𝜎
𝗌𝖾𝗆 (‵𝗏𝖺𝗋 𝑣) 𝜌 = 𝗌𝖾𝗆⟦𝗏𝖺𝗋⟧ (𝜌 _ 𝑣)
𝗌𝖾𝗆 (𝑡 ‵$ 𝑢) 𝜌 = 𝗌𝖾𝗆 𝑡 𝜌 $𝛽𝜄𝜉𝜂 𝗌𝖾𝗆 𝑢 𝜌
𝗌𝖾𝗆 (‵𝜆 𝑡) 𝜌 = 𝗌𝖾𝗆𝜆 (𝗌𝖾𝗆 𝑡) (𝗌𝖾𝗆𝖾𝗑𝗍𝖾𝗇𝖽 𝜌)
𝗌𝖾𝗆 ‵⟨⟩ 𝜌 = ⟨⟩
𝗌𝖾𝗆 ‵𝗍𝗍 𝜌 = ‵𝗍𝗍
𝗌𝖾𝗆 ‵𝖿𝖿 𝜌 = ‵𝖿𝖿
𝗌𝖾𝗆 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌 = 𝗂𝖿 𝗍𝖾𝛽𝜄𝜉𝜂 (𝗌𝖾𝗆 𝑏 𝜌) (𝗌𝖾𝗆 𝑙 𝜌) (𝗌𝖾𝗆 𝑟 𝜌)
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Normalisation by Evaluation’s “eval”

𝗌𝗎𝖻 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌 ∶ 𝛥 [ 𝗌𝗎𝖻ℰ ] 𝛤 ) → 𝛥 ⊢ 𝜎
𝗌𝗎𝖻 (‵𝗏𝖺𝗋 𝑣) 𝜌 = 𝗌𝗎𝖻⟦𝗏𝖺𝗋⟧ (𝜌 _ 𝑣)
𝗌𝗎𝖻 (𝑡 ‵$ 𝑢) 𝜌 = 𝗌𝗎𝖻 𝑡 𝜌 ‵$ 𝗌𝗎𝖻 𝑢 𝜌
𝗌𝗎𝖻 (‵𝜆 𝑡) 𝜌 = ‵𝜆 (𝗌𝗎𝖻 𝑡 (𝗌𝗎𝖻𝖾𝗑𝗍𝖾𝗇𝖽 𝜌))
𝗌𝗎𝖻 ‵⟨⟩ 𝜌 = ‵⟨⟩
𝗌𝗎𝖻 ‵𝗍𝗍 𝜌 = ‵𝗍𝗍
𝗌𝗎𝖻 ‵𝖿𝖿 𝜌 = ‵𝖿𝖿
𝗌𝗎𝖻 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌 = ‵𝗂𝖿 𝗍𝖾 (𝗌𝗎𝖻 𝑏 𝜌) (𝗌𝗎𝖻 𝑙 𝜌) (𝗌𝗎𝖻 𝑟 𝜌)
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An Abstract Notion of Semantics

𝗋𝖾𝖼𝗈𝗋𝖽 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 (ℰ ℳ ∶ 𝖢𝗈𝗇 → 𝗍𝗒 → 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖿 𝗂𝖾𝗅𝖽

𝗐𝗄 ∶ 𝛤 ⊆ 𝛥 → ℰ 𝛤 𝜎 → ℰ 𝛥 𝜎
𝖾𝗆𝖻𝖾𝖽 ∶ ∀ 𝜎 → 𝜎 ∈ 𝛤 → ℰ 𝛤 𝜎
⟦𝗏𝖺𝗋⟧ ∶ ℰ 𝛤 𝜎 → ℳ 𝛤 𝜎
⟦𝜆⟧ ∶ (𝑡 ∶ ∀ 𝛥 → 𝛤 ⊆ 𝛥 → ℰ 𝛥 𝜎 → ℳ 𝛥 𝜏) → ℳ 𝛤 (𝜎 ‵→ 𝜏)
_⟦$⟧_ ∶ ℳ 𝛤 (𝜎 ‵→ 𝜏) → ℳ 𝛤 𝜎 → ℳ 𝛤 𝜏
⟦⟨⟩⟧ ∶ ℳ 𝛤 ‵𝖴𝗇𝗂𝗍
⟦𝗍𝗍⟧ ∶ ℳ 𝛤 ‵𝖡𝗈𝗈𝗅
⟦𝖿𝖿⟧ ∶ ℳ 𝛤 ‵𝖡𝗈𝗈𝗅
⟦𝗂𝖿 𝗍𝖾⟧ ∶ (𝑏 ∶ ℳ 𝛤 ‵𝖡𝗈𝗈𝗅) (𝑙 𝑟 ∶ ℳ 𝛤 𝜎) → ℳ 𝛤 𝜎
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An Abstract Notion of Semantics

𝗋𝖾𝖼𝗈𝗋𝖽 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 (ℰ ℳ ∶ 𝖢𝗈𝗇 → 𝗍𝗒 → 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖿 𝗂𝖾𝗅𝖽
𝗐𝗄 ∶ 𝛤 ⊆ 𝛥 → ℰ 𝛤 𝜎 → ℰ 𝛥 𝜎
𝖾𝗆𝖻𝖾𝖽 ∶ ∀ 𝜎 → 𝜎 ∈ 𝛤 → ℰ 𝛤 𝜎
⟦𝗏𝖺𝗋⟧ ∶ ℰ 𝛤 𝜎 → ℳ 𝛤 𝜎

⟦𝜆⟧ ∶ (𝑡 ∶ ∀ 𝛥 → 𝛤 ⊆ 𝛥 → ℰ 𝛥 𝜎 → ℳ 𝛥 𝜏) → ℳ 𝛤 (𝜎 ‵→ 𝜏)
_⟦$⟧_ ∶ ℳ 𝛤 (𝜎 ‵→ 𝜏) → ℳ 𝛤 𝜎 → ℳ 𝛤 𝜏
⟦⟨⟩⟧ ∶ ℳ 𝛤 ‵𝖴𝗇𝗂𝗍
⟦𝗍𝗍⟧ ∶ ℳ 𝛤 ‵𝖡𝗈𝗈𝗅
⟦𝖿𝖿⟧ ∶ ℳ 𝛤 ‵𝖡𝗈𝗈𝗅
⟦𝗂𝖿 𝗍𝖾⟧ ∶ (𝑏 ∶ ℳ 𝛤 ‵𝖡𝗈𝗈𝗅) (𝑙 𝑟 ∶ ℳ 𝛤 𝜎) → ℳ 𝛤 𝜎
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And a Fundamental Lemma

𝗅𝖾𝗆𝗆𝖺 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌 ∶ 𝛥 [ ℰ ] 𝛤 ) → ℳ 𝛥 𝜎
𝗅𝖾𝗆𝗆𝖺 (‵𝗏𝖺𝗋 𝑣) 𝜌 = ⟦𝗏𝖺𝗋⟧ $ 𝜌 _ 𝑣
𝗅𝖾𝗆𝗆𝖺 (𝑡 ‵$ 𝑢) 𝜌 = 𝗅𝖾𝗆𝗆𝖺 𝑡 𝜌 ⟦$⟧ 𝗅𝖾𝗆𝗆𝖺 𝑢 𝜌
𝗅𝖾𝗆𝗆𝖺 (‵𝜆 𝑡) 𝜌 = ⟦𝜆⟧ 𝜆 𝑖𝑛𝑐 𝑢 → 𝗅𝖾𝗆𝗆𝖺 𝑡 $ [ ℰ ] 𝗐𝗄[ 𝗐𝗄 ] 𝑖𝑛𝑐 𝜌 ‵∙ 𝑢
𝗅𝖾𝗆𝗆𝖺 ‵⟨⟩ 𝜌 = ⟦⟨⟩⟧
𝗅𝖾𝗆𝗆𝖺 ‵𝗍𝗍 𝜌 = ⟦𝗍𝗍⟧
𝗅𝖾𝗆𝗆𝖺 ‵𝖿𝖿 𝜌 = ⟦𝖿𝖿⟧
𝗅𝖾𝗆𝗆𝖺 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌 = ⟦𝗂𝖿 𝗍𝖾⟧ (𝗅𝖾𝗆𝗆𝖺 𝑏 𝜌) (𝗅𝖾𝗆𝗆𝖺 𝑙 𝜌) (𝗅𝖾𝗆𝗆𝖺 𝑟 𝜌)
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Various Instances

𝖱𝖾𝗇𝖺𝗆𝗂𝗇𝗀 ∶ 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 (𝖿 𝗅𝗂𝗉 _∈_) _⊢_
𝖲𝗎𝖻𝗌𝗍𝗂𝗍𝗎𝗍𝗂𝗈𝗇 ∶ 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 _⊢_ _⊢_
𝖯𝗋𝗂𝗇𝗍𝗂𝗇𝗀 ∶ 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 𝖭𝖺𝗆𝖾 𝖯𝗋𝗂𝗇𝗍𝖾𝗋
𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾𝛽𝜄𝜉𝜂 ∶ 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 _⊨𝛽𝜄𝜉𝜂_ _⊨𝛽𝜄𝜉𝜂_
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Is that it? Not quite.

▶ Other interesting instance?
▶ Properties of these traversals? (4 fusion lemmas)
▶ What if I don’t program in Agda?
▶ Generic boilerplate for all syntaxes with binding?
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A Relational Interpretation

𝗋𝖾𝖼𝗈𝗋𝖽 𝖲𝗒𝗇𝖼𝗁𝗋𝗈𝗇𝗂𝗌𝖺𝖻𝗅𝖾
(𝒮 𝖠 ∶ 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 ℰ 𝖠 ℳ𝖠) (𝒮 𝖡 ∶ 𝖲𝖾𝗆𝖺𝗇𝗍𝗂𝖼𝗌 ℰ 𝖡 ℳ𝖡)
(ℰ 𝖱 ∶ ℰ 𝖠 𝛤 𝜎 → ℰ 𝖡 𝛤 𝜎 → 𝖲𝖾𝗍)
(ℳ𝖱 ∶ ℳ𝖠 𝛤 𝜎 → ℳ𝖡 𝛤 𝜎 → 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾

ℰ 𝖱
𝗐𝗄 ∶ (𝑖𝑛𝑐 ∶ 𝛥 ⊆ 𝛩) (𝜌𝖱 ∶ ‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 𝜌𝖠 𝜌𝖡) →

‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 (𝗐𝗄[ 𝒮 𝖠.𝗐𝗄 ] 𝑖𝑛𝑐 𝜌𝖠) (𝗐𝗄[ 𝒮 𝖡.𝗐𝗄 ] 𝑖𝑛𝑐 𝜌𝖡)
𝖱⟦𝗏𝖺𝗋⟧ ∶ (𝑣 ∶ 𝜎 ∈ 𝛤 ) (𝜌𝖱 ∶ ‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 𝜌𝖠 𝜌𝖡) →

ℳ𝖱 (𝒮 𝖠.⟦𝗏𝖺𝗋⟧ (𝜌𝖠 𝜎 𝑣)) (𝒮 𝖡.⟦𝗏𝖺𝗋⟧ (𝜌𝖡 𝜎 𝑣))
𝖱⟦𝜆⟧ ∶ (𝑓 𝖱 ∶ (𝑝𝑟 ∶ 𝛤 ⊆ 𝛥) (𝑢𝖱 ∶ ℰ 𝖱 𝑢𝖠 𝑢𝖡) → ℳ𝖱 (𝑓 𝖠 𝑝𝑟 𝑢𝖠) (𝑓 𝖡 𝑝𝑟 𝑢𝖡))

→ ℳ𝖱 (𝒮 𝖠.⟦𝜆⟧ 𝑓 𝖠) (𝒮 𝖡.⟦𝜆⟧ 𝑓 𝖡)
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(ℰ 𝖱 ∶ ℰ 𝖠 𝛤 𝜎 → ℰ 𝖡 𝛤 𝜎 → 𝖲𝖾𝗍)
(ℳ𝖱 ∶ ℳ𝖠 𝛤 𝜎 → ℳ𝖡 𝛤 𝜎 → 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
ℰ 𝖱

𝗐𝗄 ∶ (𝑖𝑛𝑐 ∶ 𝛥 ⊆ 𝛩) (𝜌𝖱 ∶ ‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 𝜌𝖠 𝜌𝖡) →
‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 (𝗐𝗄[ 𝒮 𝖠.𝗐𝗄 ] 𝑖𝑛𝑐 𝜌𝖠) (𝗐𝗄[ 𝒮 𝖡.𝗐𝗄 ] 𝑖𝑛𝑐 𝜌𝖡)

𝖱⟦𝗏𝖺𝗋⟧ ∶ (𝑣 ∶ 𝜎 ∈ 𝛤 ) (𝜌𝖱 ∶ ‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 𝜌𝖠 𝜌𝖡) →
ℳ𝖱 (𝒮 𝖠.⟦𝗏𝖺𝗋⟧ (𝜌𝖠 𝜎 𝑣)) (𝒮 𝖡.⟦𝗏𝖺𝗋⟧ (𝜌𝖡 𝜎 𝑣))

𝖱⟦𝜆⟧ ∶ (𝑓 𝖱 ∶ (𝑝𝑟 ∶ 𝛤 ⊆ 𝛥) (𝑢𝖱 ∶ ℰ 𝖱 𝑢𝖠 𝑢𝖡) → ℳ𝖱 (𝑓 𝖠 𝑝𝑟 𝑢𝖠) (𝑓 𝖡 𝑝𝑟 𝑢𝖡))
→ ℳ𝖱 (𝒮 𝖠.⟦𝜆⟧ 𝑓 𝖠) (𝒮 𝖡.⟦𝜆⟧ 𝑓 𝖡)
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And a Fundamental Lemma

𝗅𝖾𝗆𝗆𝖺 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌𝖱 ∶ ‵∀[ ℰ 𝖠 , ℰ 𝖡 ] ℰ 𝖱 𝜌𝖠 𝜌𝖡) →
ℳ𝖱 (𝒮 𝖠 ⊨⟦ 𝑡 ⟧ 𝜌𝖠) (𝒮 𝖡 ⊨⟦ 𝑡 ⟧ 𝜌𝖡)

𝗅𝖾𝗆𝗆𝖺 (‵𝗏𝖺𝗋 𝑣) 𝜌𝖱 = 𝖱⟦𝗏𝖺𝗋⟧ 𝑣 𝜌𝖱

𝗅𝖾𝗆𝗆𝖺 (𝑓 ‵$ 𝑡) 𝜌𝖱 = 𝖱⟦$⟧ (𝗅𝖾𝗆𝗆𝖺 𝑓 𝜌𝖱) (𝗅𝖾𝗆𝗆𝖺 𝑡 𝜌𝖱)
𝗅𝖾𝗆𝗆𝖺 (‵𝜆 𝑡) 𝜌𝖱 = 𝖱⟦𝜆⟧ 𝜆 𝑖𝑛𝑐 𝑢𝖱 → 𝗅𝖾𝗆𝗆𝖺 𝑡 ([ ℰ 𝖠 , ℰ 𝖡 , ℰ 𝖱 ] ℰ 𝖱

𝗐𝗄 𝑖𝑛𝑐 𝜌𝖱 ∙𝖱 𝑢𝖱)
𝗅𝖾𝗆𝗆𝖺 ‵⟨⟩ 𝜌𝖱 = 𝖱⟦⟨⟩⟧
𝗅𝖾𝗆𝗆𝖺 ‵𝗍𝗍 𝜌𝖱 = 𝖱⟦𝗍𝗍⟧
𝗅𝖾𝗆𝗆𝖺 ‵𝖿𝖿 𝜌𝖱 = 𝖱⟦𝖿𝖿⟧
𝗅𝖾𝗆𝗆𝖺 (‵𝗂𝖿 𝗍𝖾 𝑏 𝑙 𝑟) 𝜌𝖱 = 𝖱⟦𝗂𝖿 𝗍𝖾⟧ (𝗅𝖾𝗆𝗆𝖺 𝑏 𝜌𝖱) (𝗅𝖾𝗆𝗆𝖺 𝑙 𝜌𝖱) (𝗅𝖾𝗆𝗆𝖺 𝑟 𝜌𝖱)
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An interesting corollary

𝖲𝗒𝗇𝖼𝗁𝗋𝗈𝗇𝗂𝗌𝖺𝖻𝗅𝖾𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾 ∶ 𝖲𝗒𝗇𝖼𝗁𝗋𝗈𝗇𝗂𝗌𝖺𝖻𝗅𝖾 𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾𝛽𝜄𝜉𝜂 𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾𝛽𝜄𝜉𝜂

(𝖤𝖰𝖱𝖤𝖫 _ _) (𝖤𝖰𝖱𝖤𝖫 _ _)

𝗋𝖾𝖿 𝗅𝛽𝜄𝜉𝜂 ∶ (𝑡 ∶ 𝛤 ⊢ 𝜎) (𝜌𝖱 ∶ ‵∀[ _⊨𝛽𝜄𝜉𝜂_ , _ ] (𝖤𝖰𝖱𝖤𝖫 _ _) 𝜌𝖠 𝜌𝖡) →
𝖤𝖰𝖱𝖤𝖫 𝛥 𝜎 (𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾𝛽𝜄𝜉𝜂 ⊨⟦ 𝑡 ⟧ 𝜌𝖠) (𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾𝛽𝜄𝜉𝜂 ⊨⟦ 𝑡 ⟧ 𝜌𝖡)

𝗋𝖾𝖿 𝗅𝛽𝜄𝜉𝜂 𝑡 𝜌𝖱 = 𝗅𝖾𝗆𝗆𝖺 𝑡 𝜌𝖱 𝗐𝗁𝖾𝗋𝖾 𝗈𝗉𝖾𝗇 𝖲𝗒𝗇𝖼𝗁𝗋𝗈𝗇𝗂𝗌𝖾𝖽 𝖲𝗒𝗇𝖼𝗁𝗋𝗈𝗇𝗂𝗌𝖺𝖻𝗅𝖾𝖭𝗈𝗋𝗆𝖺𝗅𝗂𝗌𝖾
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Is that it? Not quite.

▶ Other interesting instance?
▶ Properties of these traversals? (4 fusion lemmas)
▶ What if I don’t program in Agda?
▶ Generic boilerplate for all syntaxes with binding?
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Using this somewhere else

The programming part of this talk can be implemented in Haskell:
https://github.com/gallais/type-scope-semantics/

https://github.com/gallais/type-scope-semantics/
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Is that it? Not quite.

▶ Other interesting instance?
▶ Properties of these traversals? (4 fusion lemmas)
▶ What if I don’t program in Agda?
▶ Generic boilerplate for all syntaxes with binding?


