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SPECIFYING PROOF ASSISTANTS

??

Logical formalism: CIC, MLTT, HOL…

Proof assistant:
COQ, AGDA, LEAN, ISABELLE, HOL4…

User manualMetatheory, models

Automation User interaction
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THE HAMMER:
BIDIRECTIONAL TYPING



STARTING SIMPLE: SIMPLY-TYPED λ-CALCULUS

Inference and checking
Γ ⊢ 𝑡 : 𝑇 separates into

inference: Γ ⊢ 𝑡 ▷ 𝑇 checking: Γ ⊢ 𝑡 ◁ 𝑇
Similar meaning, different modes: input/output.

(𝑥: 𝑇 ∈ Γ)
Γ ⊢ 𝑥 : 𝑇 Γ ⊢ ⋆ : 1

Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ λ 𝑥.𝑡 : 𝐴 → 𝐵

Γ ⊢ 𝑡 : 𝐴 → 𝐵 Γ ⊢ 𝑢 : 𝐴
Γ ⊢ 𝑡 𝑢 : 𝐵
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What about checking a variable? And (λ 𝑥.⋆) ⋆?
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BOUNDARIES AND INVARIANTS

A typing judgment Γ ⊢ 𝑡 : 𝑇 has boundaries. What about their well-formation?

Cautiousness: globally enforce well-formation

⊢ Γ (𝑥: 𝐴) ∈ Γ
Γ ⊢ 𝑥 : 𝐴

Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ λ 𝑥: 𝐴.𝑡 : Π 𝑥: 𝐴.𝐵

Uncautiousness? Well-formation as an invariant

(𝑥: 𝐴) ∈ Γ
Γ ⊢ 𝑥 : 𝐴

Γ ⊢ 𝐴 :□ Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ λ 𝑥: 𝐴.𝑡 : Π 𝑥: 𝐴.𝐵
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WELL-FORMATION MUST FLOW

Inference and checking
Γ ⊢ 𝑡 : 𝑇 separates into

inference: Γ ⊢ 𝑡 ▷ 𝑇 checking: Γ ⊢ 𝑡 ◁ 𝑇
Similar meaning, different modes: input/output/subject.

The TYPOS discipline
• A rule is a server for its conclusion and a client for its premises.
• Modes guide invariant preservation
• In a conclusion, you assume inputs are well-formed, and ensure outputs are
• In a premise, you ensure inputs are well-formed, and assume outputs are
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TURNING DEPENDENT

⊢ Γ (𝑥: 𝑇 ∈ Γ)
Γ ⊢ 𝑥 : 𝑇

⊢ Γ
Γ ⊢ □𝑖 :□𝑖+1

Γ ⊢ 𝐴 :□𝑖 Γ, 𝑥: 𝐴 ⊢ 𝐵 :□𝑗
Γ ⊢ Π 𝑥: 𝐴.𝐵 :□𝑖∨𝑗

Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ λ 𝑥: 𝐴.𝑡 : Π 𝑥: 𝐴.𝐵

Γ ⊢ 𝑡 : Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 : 𝐴
Γ ⊢ 𝑡 𝑢 : 𝐵[𝑢]

Γ ⊢ 𝑡 : 𝑇 Γ ⊢ 𝑇 ≅ 𝑇 ′

Γ ⊢ 𝑡 : 𝑇 ′
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TURNING DEPENDENT
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• Different modes command different computation judgments (→⋆ vs ≅)
• No free conversion thanks to the judgments’ structure 6/19



THEOREMS!

Nothing’s changed…

• Soundness: if ⊢ Γ and Γ ⊢ 𝑡 ▷ 𝑇 then Γ ⊢ 𝑡 : 𝑇
• Completeness: if Γ ⊢ 𝑡 : 𝑇 , there exists 𝑇 ′ such that Γ ⊢ 𝑡 ▷ 𝑇 ′ and Γ ⊢ 𝑇 ′ ≅ 𝑇

Key: some sort of confluence.

… unless it has!
Easy proofs of
• uniqueness of types/principality
• strengthening
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NAIL I: CERTIFYING COQ’S KERNEL
Jww. the METACOQ team



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ
• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker
• Extraction, meta-programming…

8/19



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ
• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker
• Extraction, meta-programming…

8/19



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ

• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker
• Extraction, meta-programming…

8/19



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ
• Formalized meta-theory of PCUIC

• Normalization axiom to implement a certified type-checker
• Extraction, meta-programming…

8/19



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ
• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker

• Extraction, meta-programming…

8/19



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ
• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker
• Extraction, meta-programming…

8/19



REAL LIFE

The Predicative Calculus of Universe-Polymorphic Inductive Constructions
CCω +
• Complex universes
• Very general (co-)inductive types
• Cumulativity/subtyping

METACOQ: COQ, in COQ
• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker
• Extraction, meta-programming…

8/19



A CORRECT AND COMPLETE KERNEL

PCUIC

Bidirectional
Presentation

Kernel

Soundness

Principality

Re-Typing

When starting the proof, we realized… it was false!

Ended up with a complete re-design of pattern-matching…

9/19



A CORRECT AND COMPLETE KERNEL

PCUIC Bidirectional
Presentation Kernel

Soundness

Completeness

Principality

Re-Typing

When starting the proof, we realized… it was false!

Ended up with a complete re-design of pattern-matching…

9/19



A CORRECT AND COMPLETE KERNEL

PCUIC Bidirectional
Presentation Kernel

Principality

Re-Typing

When starting the proof, we realized… it was false!

Ended up with a complete re-design of pattern-matching…

9/19



A CORRECT AND COMPLETE KERNEL

PCUIC Bidirectional
Presentation Kernel

Principality

Re-Typing

When starting the proof, we realized… it was false!

Ended up with a complete re-design of pattern-matching…

9/19



A CORRECT AND COMPLETE KERNEL

PCUIC Bidirectional
Presentation Kernel

Principality

Re-Typing

When starting the proof, we realized… it was false!

Ended up with a complete re-design of pattern-matching…

9/19



A CORRECT AND COMPLETE KERNEL

PCUIC Bidirectional
Presentation Kernel

Principality

Re-Typing

When starting the proof, we realized… it was false!

Ended up with a complete re-design of pattern-matching… 9/19



NAIL II: GRADUAL DEPENDENT TYPES
Jww. K. MAILLARD, N. TABAREAU, and É. TANTER



GRADUAL TYPING IN ONE SLIDE

Mixing static and dynamic typing

• Static type system with a dynamic type ?
• Optimistic (static) typing & (dynamic) runtime checks

Not in the cast calculus!

⊢ (𝜆𝑥: ?.(⟨𝐍 ⇐ ?⟩ 𝑥) + 1) (⟨? ⇐ 𝐁⟩ true) : 𝐍

(𝜆𝑥: ?.(⟨𝐍⇐?⟩ 𝑥) + 1) (⟨?⇐𝐁⟩ true) →⋆ (⟨𝐍⇐?⟩ ⟨?⇐𝐁⟩ true) + 1
→⋆ (⟨𝐍 ⇐ 𝐁⟩ true) + 1 →⋆ err

But we still want a cast-free source language…
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BIDIRECTIONALISM TO THE RESCUE

Γ ⊢ 𝑡 : 𝑆 𝑆 ∼ 𝑇
Γ ⊢ 𝑡 : 𝑇

Γ ⊢ 𝑡 ▷ 𝑆 𝑆 ∼ 𝑇
Γ ⊢ 𝑡 ◁ 𝑇

Γ ⊢ 𝑡 ⇝ 𝑡′ ▷ 𝑆 𝑆 ∼ 𝑇
Γ ⊢ 𝑡 ⇝ ⟨𝑇 ⇐ 𝑆⟩ 𝑡′ ◁ 𝑇 CastCIC

inputs/outputs

GCIC
subject

Elaboration Computation

Issues

• Non-transitivity: 𝑆 ∼ ? ∼ 𝑇

• Computation needs checks
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NAIL III: LOGICAL RELATIONS
Jww. K. MAILLARD and L. PUJET



WHAT ABOUT CONVERSION?

Conversion ≅ checks, neutral comparison ≈ infers

𝑡 →⋆ 𝑡′ 𝑢 →⋆ 𝑢′ 𝐴 →⋆ 𝐴′ Γ ⊢ 𝑡′ ≅h 𝑢′ ◁ 𝐴′

Γ ⊢ 𝑡 ≅ 𝑢 ◁ 𝐴

Γ, 𝑥: 𝐴 ⊢ 𝑓 𝑥 ≅ 𝑔 𝑥 ◁ 𝐵
Γ ⊢ 𝑓 ≅h 𝑔 ◁ Π 𝑥: 𝐴. 𝐵

Γ ⊢ 𝑚 ≈ 𝑛 ▷Π Π𝑥: 𝐴. 𝐵 Γ ⊢ 𝑡 ≅ 𝑢 ◁ 𝐴
Γ ⊢ 𝑚 𝑡 ≈ 𝑛 𝑢 ▷ 𝐵[𝑡]

 logrel-coq: logical relations for dependent type
theory, in Coq.

12/19
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BUNDLED INDUCTION

How to concretely translate the TYPOS discipline?

It’s a custom induction principle!

To show ∀ Γ t T, [ |- Γ] => [Γ |- T] => [Γ |- t ◁ T] => P Γ t T
by induction on the last premise, you get extra help in induction steps.

Shown once and for all, used virtually everywhere.
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NAIL IV: TYPE SYSTEMS EQUIVALENCE
Jww. K. MAILLARD, T. LAURENT



SUBSUMPTIVE AND COERCIVE SUBTYPING

SUB
Γ ⊢ 𝑡 : 𝑇 Γ ⊢ 𝑇 ⪯ 𝑇 ′

Γ ⊢ 𝑡 : 𝑇 ′ vs COE
Γ ⊢ 𝑡 : 𝑇 Γ ⊢ 𝑇 ⪯ 𝑇 ′

Γ ⊢ coe𝑇 ,𝑇 ′ 𝑡 : 𝑇 ′

Good for users Good for meta-theory

Subtle coherence issues…
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SQUASHING COHERENCES

Declarative COE Algorithmic COE

Algorithmic SUB

Fancy logical relation

ErasureElaboration

Key to sidestep coherence issues:

• New equations for coe
• uniqueness of (conversion) derivations

Not just for subtyping: typed vs untyped conversion is similar…
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BUILDING A GOOD HAMMER:
ON ANNOTATIONS
Jww. N. Krishnaswami



DIFFERENT KIND OF ANNOTATIONS

How to design a complete bidirectional type system?

Solution 1:

Solution 2: Solution 3:

Annotations

Restricted terms Free-standing annotations

λ 𝑥: 𝐴. 𝑡

λ 𝑥. 𝑡 λ 𝑥. 𝑡 and 𝑡 :: 𝐴

COQ, LEAN…

AGDA… Conor, RED* family…

All terms infer

Neutrals infer Inferring terms
Normal forms check Checking terms

Can we design a single system, with a single completeness proof?
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A PROPOSITION

𝑐, 𝐴, 𝐵 ::= 𝑖 ∣ □𝑘 ∣ Π𝑥: 𝐴.𝐵 ∣ λ 𝑥. 𝑐

∣ Σ 𝑥: 𝐴.𝐵 ∣ ⟨𝑐, 𝑐⟩ ∣ 𝐖 𝑥: 𝐴.𝐵 ∣ sup(𝑐, 𝑐)

𝑖 ::= 𝑐 :: 𝐴 ∣ 𝑥 ∣ 𝑖 𝑐 ∣ λ 𝑥: 𝐴. 𝑖

∣ 𝑖.1 ∣ 𝑖.2 ∣ ⟨𝑖, 𝑐⟩𝑥.𝐵 ∣ ind𝐖(𝑖; 𝑥.𝐴; 𝑐) ∣ sup𝑥.𝐵(𝑖, 𝑐)
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… and extends nicely.
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MAKING IT WORK

Type annotations reduce (see observational equality, cast calculus, coercions…):

((λ 𝑥. 𝑡) :: Π 𝑥: 𝐴.𝐵) 𝑢 → (λ 𝑥: 𝐴. (𝑡 :: 𝐵)) 𝑢 → (𝑡[𝑢 :: 𝐴]) :: 𝐵[𝑢 :: 𝐴]

Plays natively well with bidirectional conversion:

Γ ⊢ 𝐴 ≅ 𝐴′ and Γ ⊢ 𝑐 ≅ 𝑐′ ◁ 𝐴 but Γ ⊢ 𝑛 ≈ 𝑛′ ▷ 𝐴

(Stuck) annotations can/should be ignored (TTobs again):

Γ ⊢ 𝑛 ≈ 𝑛′ ▷ 𝐴
Γ ⊢ 𝑛 :: 𝐴′ ≈ 𝑛′ ▷ 𝐴′
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WRAPPING UP



WRAPPING UP

Bidirectional typing is good for meta-theory
• Control over conversion
• Unique, well-behaved derivations
• Always ready for implementation

What now?
• What kind of annotations do we want?
• Algorithmic or semi-algorithmic conversion?
• A bidirectional logical framework?
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Γ ⊢ 𝑡 ▷ 𝑇 Γ ⊢ 𝑇 ≅ 𝑇 ′

Γ ⊢ 𝑡 ◁ 𝑇 ′
Γ ⊢ 𝑡 ▷ 𝑇 𝑇 →⋆ □𝑖

Γ ⊢ 𝑡 ▷□ □𝑖

Γ ⊢ 𝑡 ▷ 𝑇 𝑇 →⋆ Π𝑥: 𝐴.𝐵
Γ ⊢ 𝑡 ▷Π Π𝑥: 𝐴.𝐵

THANK YOU!
(AND LET’S TALK!)

Γ, 𝑥: 𝐴 ⊢ 𝑓 𝑥 ≅ 𝑔 𝑥 ◁ 𝐵
Γ ⊢ 𝑓 ≅h 𝑔 ◁ Π 𝑥: 𝐴. 𝐵

Γ ⊢ 𝑚 ≈ 𝑛 ▷Π Π𝑥: 𝐴. 𝐵 Γ ⊢ 𝑡 ≅ 𝑢 ◁ 𝐴
Γ ⊢ 𝑚 𝑡 ≈ 𝑛 𝑢 ▷ 𝐵[𝑡]
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