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Godel’s Dialectica interpretation [2] was conceived as a tool to obtain the con-
sistency of Peano arithmetic via a proof of consistency of Heyting arithmetic. In
recent years, several proof theoretic transformations, based on Godel’s Dialectica
interpretation, have been used systematically to extract new content from classical
proofs, following Kreisel’s suggestion. This way the interpretation has found new
relevant applications in several areas of mathematics and computer science.

The Dialectica interpretation has been explained in categorical terms a few
times. In her doctoral work, de Paiva introduced the notion of a Dialectica cat-
egory as an internal version of Godel’s Dialectica interpretation [[1]. This was
generalised by Hyland [4] and Hofstra [3], who considered the interpretation in
terms of fibrations.

Building on Hofstra’s work, in previous work we introduced the notions of
a Godel fibration [6], and its proof-irrelevant version, a Godel doctrine [7]]. Our
presentation of the Dialectica interpretation via Godel fibrations offers a new per-
spective on the Dialectica that makes it easy to prove the validity of all logical
principles involved in the categorical interpretation. Also this makes it is easier
to study abstract properties of the Dialectica fibration itself. The key idea is that
Godel fibrations can be thought of as fibrations generated by quantifier-free ele-
ments [6]. This categorification of quantifier-free elements is crucial to showing
that our notion of Godel fibration is equivalent to Hofstra’s Dialectica fibration
in the appropriate way, as done in [6]. But the quantifier-free elements are also
crucial to show how Godel doctrines embody the main logical features of the Di-
alectica Interpretation, as is done in [7].

We show that Godel fibrations are equivalent to Hofstra’s Dialectica fibrations
by showing that any fibration can be seen as a Hofstra Dialectica fibration if and
only if it is equivalent to a Godel fibration [6], theorem 4.6. In the follow-up work
[7], and in its extended version [8], we consider simplified, proof-irrelevant Gédel
doctrines, instead of fibrations. Using Godel doctrines, instead of fibrations, al-
lows us to explain how the algebraic structures can be translated into the logical
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principles, which are easier to grasp and reason about. Using the explanation of
the principles, we derive the soundness of the interpretation of the implication
connective, as expounded by Troelstra, but this time in the categorical model.
Thus we prove that Goédel doctrines satisfy the equivalence:

(Ju.¥x.Ap(u,x) — IvNy.Bp(v,y)) <> 3fo, f1-Vu,y.(Ap(u, fi(u,y)) = Bp(fo(u),y))

for every Ap and Bp quantifier-free predicates, theorem 5.11 of [8]]. This requires
proving the validity of extra logical principles, going beyond intuitionistic logic,
namely Markov Principle (MP) and the Independence of Premise (IP) principle,
as well as a version of the axiom of choice. We show that Godel doctrines satisfy
these principles, establishing a tight (internal language) correspondence between
the logical system and the categorical framework [7, 8].

In this talk we unite these two branches of previous work, reminding the reader
that despite the fact that Lawvere showed us how to model first-order logic in the
sixties, no one had provided a categorical description of quantifier-free objects,
so far. And quantifier-free formulae are ubiquitous in logic. While the work on
Godel doctrines can be seen as an instantiation of the work on Godel fibrations,
the poset setting allows us to provide calculations using the internal language,
harder to do in the fibrational setting.

We expect that this tight correspondence between the Dialectica interpretation
and the categorical structure of the Godel fibrations and doctrines will be useful
not only when discussing the traditional proof-theoretical applications of the Di-
alectica, but also when dealing with some newer uses of the interpretation, as in
modelling games or abstract machines [9, 5]
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