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Sheaves and contextuality1
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Measurements X and contexts U define a site
with inclusion ρ as morphism.

Measurement scenario: sheaf of events
E ∶ ⟨X,U⟩op → Set, attaching outcomes OU for
each context U ∈ U and with restriction ρ′ as
morphism.

Empirical models:
DR ∶ Set→ Set ∶∶ OU ↦ {µOU

R }.

Non-disturbance µOj

R ∣kj = µOk

R ∣kj.

An empirical model is non-contextual if

µOU

R (A) =∑
Λ

p (λ) ξ (A∣λ) =∑
Λ

p (λ)∏
x∈U

µOx

R (ρ
′(U, x)(A), λ).

Theorem (Fine-Abramsky-Brandenburger)
If ξ is deterministic (outcome-determinism), then the hidden variables λ can be seen as
the global sections of E .

1Samson Abramsky, Adam Brandenburger (2011): The sheaf-theoretic structure of non-locality and contextuality
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Čech cohomology

Ingredients

Nerve N(C) ∋ σ = (Cj0 , ..., Cjq), with ∣σ∣ = ⋂q
k=0 Cjk ≠ ∅;

Map ∂jk ∶ N(C)
q → N(C)q−1 ∶∶ σ ↦ (Cj0 , ..., Ĉjk , ..., Cjq);

Presheaf F ∶ N(C)→ AbGrp satisfiyng

1. F(σ) ≠ ∅ for all σ ∈ N(C)
2. F is "flasque beneath the cover"
3. any compatible family induces a unique global section.

Set of q-cochains Cq(C,F) =∏σ∈N(C)q F (∣σ∣);

dq ∶ Cq(C,F)→ Cq+1(C,F), with dq
+(ω)(σ) = ∑

q+1
k=0(−1)kρ′(∣∂jk σ∣ , ∣σ∣)ω(∂jk σ);

Complex of extended cochains

0 C0(C,F) C1(C,F) C2(C,F) . . .d0 d1 d2
(1)

H̆q(C,F) = Zq(C,F)/Bq(C,F) = ker(dq)/Im(dq−1)
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Presheaf F ∶ N(C)→ AbGrp satisfiyng

1. F(σ) ≠ ∅ for all σ ∈ N(C)
2. F is "flasque beneath the cover"
3. any compatible family induces a unique global section.

Set of q-cochains Cq(C,F) =∏σ∈N(C)q F (∣σ∣);

dq ∶ Cq(C,F)→ Cq+1(C,F), with dq
+(ω)(σ) = ∑

q+1
k=0(−1)kρ′(∣∂jk σ∣ , ∣σ∣)ω(∂jk σ);

Complex of extended cochains

0 C0(C,F) C1(C,F) C2(C,F) . . .d0 d1 d2
(1)

H̆q(C,F) = Zq(C,F)/Bq(C,F) = ker(dq)/Im(dq−1)



Čech cohomology

Ingredients

Nerve N(C) ∋ σ = (Cj0 , ..., Cjq), with ∣σ∣ = ⋂q
k=0 Cjk ≠ ∅;

Map ∂jk ∶ N(C)
q → N(C)q−1 ∶∶ σ ↦ (Cj0 , ..., Ĉjk , ..., Cjq);
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Cohomological contextuality2

Relative cohomology

F ∣Ci(Cj) = F(Ci ∩Cj);
p ∶ F → F ∣Ci ∶∶ pCj ∶ r ↦ r∣Ci∩Cj ;

0Ð→ FC̄i
Ð→ F

p
ÐÐ→ F ∣Ci ;

Recipe

Fix sj0 of Cj0 ;

There is {sjk} such that sj0 ∣j0 jk = sjk ∣j0 jk , k ≠ 0;

If c = {sjk}0≤k≤n ∈ C0(C,F), then z = dc ∈ Z1(C,FC̄j0
);

The obstruction γ(sj0) is the cohomological class
[z] ∈ H̆1(C,FC̄j0

).

Proposition
Let C be connected, Cj0 ∈ C, and rj0 ∈ F(Cj0). Thus γ(rj0) = 0 iff
there is a compatible family {sjk ∈ F(Cjk)}Cjk

∈C such that
rj0 = sj0 .

a

b

c

d

1

0

00 01 10 11

ab 1B 0 0 1B

bc 1B 0 0 1B

bc 1B 0 0 1B

da 1B 1B 1B 1B

2Samson Abramsky, Shane Mansfield Rui Soares Barbosa (2012): The Cohomology of Non-Locality and Contextuality
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Cohomology with semi-modules3

Semi-modules Cq and dq
+, dq

− satisfying dq+1
+ ○ dq

+ + dq+1
− ○ dq

− = dq+1
− ○ dq

+ + dq+1
+ ○ dq

−

. . .
dq−2
+ÐÐÐÐÐÐÐÐ→→

dq−2
−

Cq−2
dq−1
+ÐÐÐÐÐÐÐÐ→→

dq−1
−

Cq
dq
+ÐÐÐÐÐÐ→→

dq
−

Cq+1
dq+1
+ÐÐÐÐÐÐÐÐ→→

dq+1
−

. . . (2)

Zq = {c ∈ Cq ∣dq
+(c) = dq

−(c)} e Hq(C) = Zq(C)/ ∼q.

Čech cohomology with semi-modules4

Presheaf of R-semi-modules G
satisfying

1. G(σ) ≠ ∅ for all σ ∈ N(C)
2. G is "flasque beneath the cover"
3. any compatible family induces a

unique global section.

Cq(C,G) =∏σ∈N(C)q G(∣σ∣);

dq
+(ω)(σ) = ∑

q+1
k=0,even ρ′(∣∂jk σ∣ , ∣σ∣)ω(∂jk σ)

dq
−(ω)(σ) = ∑

q+1
j=0,odd ρ′(∣∂jk σ∣ , ∣σ∣)ω(∂jk σ).

3Alex Patchkoria (2006): On exactness of long sequences of homology semimodules
4Jaiung Jun (2017): Čech cohomology of semiring schemes
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Obstruction

g[σ]dn
+(c)(σ) = dn

−(c)(σ);

[h, c] ∼ [g, c] if gdn
+(c) = hdn

+(c);
If [Id, c] = [gn, c], then dn

+c = dn
−c;

Difference operator [gn] ∶∶ c ∈ Cn(C,G)↦ [gn, c]

C1(C,G)

C0(C,G)

C1(C,G)

[g0]

d0
+

d0
−

Relative cohomology

0Ð→ GC̄ Ð→ G
p
ÐÐ→ G∣C ;

pC ∶ Cq(C,G)→ Cq(C,G∣C) ∶∶ [g, c]↦
[g∣C , pC(c)].

Recipe

Fix cj0 ∈ C0(C,G);
There is c = {cjk} such that cj0 ∣j0 jk = cjk ∣j0 jk for all
k;
γ(cj0) = [gC̄j0

, c] is the obstruction of cj0 ;

Theorem
Let C be connected, Cj0 ∈ C, and
cj0 ∈ G(Cj0). The obstruction γ(cj0)
is trivial iff there is a compatible
family {rjk ∈ G(Cjk)}Cjk

∈C such that
cj0 = rj0 .

Corollary (Characterization)
An empirical model is contextual iff
there is a section of G with
non-trivial obstruction.
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