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The setting 2
lllllll..ll....-———_-

Let o be a set of relational symbols with positive arities, we can
define a category of o-structures R(o):

» Objects are A = (A, {RA}pe,) where R4 C A for r-ary
relation symbol R.

» Morphisms f : A — B are relation preserving set functions
f+A—B

RMay,...,a;) = RB(f(a1), ..., f(ar))

» Embeddings f: A — B are injective functions which reflect
relations:

RAay,...,a,) < RP(f(a1),.... flar))

Setting for graph theory, database theory, and descriptive
complexity
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Category theory vs. model theory 3

Category theorists look at structures “as they really are”; i.e.
up to isomorphism A = B

Model theorists look at structures with the “blurry lens” of a
logic L:
A=tB:=Voe LLAE = BE$

A=B=A=LB
AL B:=VpeLLAEG=BEQ
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For a logic J, =7 may satisfy Feferman-Vaught-Mostowski
(FVM) theorems

If A; =7 B; for all i € I, then
» Products: A; x Az =7 By x By and Hz Ai =g Hz B;
» Coproducts: Ay + Ay =7 By + By and [[; Ai =£ [, Bi

For an operation H: C; X Cy--- x C,, — D and logics
\717 MR | \77’17 \7:
A; =7 B; implies H(Ay, ..., Ay) =7 H(By,...,By)

with A;, B; € C; where C;, D are relevant categories of models.

Key ingredient in Courcelle’s theorems and other algorithmic
metatheorems

How can we prove such statements categorically?
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» In every round i, of the k-round game EFy (A, B):

» Spoiler chooses an element a; € A or b; € B
» Duplicator responds with b; € B or a; € A

Duplicator wins the round if the relation

vi = {(aj,b;) | 7 < i} is a partial isomorphism
Theorem
Duplicator has a winning strategy in EFy (A, B) iff A=, B

One-sided variant: A =3+,, B. No alternation between
structures. Partial homomorphism

Bijection variant: A =y,, B. Duplicator chooses a bijection
before Spoiler’s choice and responds using bijection

# L}, has quantifiers of the from J<,z, 3>,
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Ehrenfeucht-Fraissé comonad 6

—

Given a o-structure A, we can create o-structure Eiz.A on
non-empty sequences of elements in A of length < k

Let €4 : Ex.A — A return the last move of the play
[a1,...,ap] — ap.

REkA(sl, ... 8) & s; Csjors; T fori,jelr]
and R4 e4(s1),...,e4(sr))

Comultiplication d: ExA — E.EL A where

(5([&1, .. .,an]) = [[al], [al,ag], ey [al, e ,an]]
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Theorem (Abramsky+S 21)

| 2 A—)Ek B<:>.A33+Lk B
> A gKl(]Ek) Bs A =40 B (’LUith A,B ﬁnite)

A —, B means there exists a Kleisli morphism f: ExA — B

A =k(k,) B means there exists a Kleisli isomorphism between
A and B

AT L) and #L;, as logics without equality.
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Universe of A; W Ay = {(i,a;) | i = {1,2},a; € A;} and relations
defined in obvious way

RAY2((iy,a),.. ., (in, an)) < 3i € {1,2}V) € [n],i; =i
and RAi(ah s ,CLn)

For every Aj, Ay there are

K Ek(.Al ] ./42) — Ep A WEL A,
[aj\ijzl] ifin:1
[aj|ij:2] lfanQ

k([(i1,a1), ..., (in,a1)] = {
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If A; —Ey B;, then f;: ErA; — B; and g;: EpB; — A; for
1€ {1, 2}

KAy,

Ek(.Al ] .AQ) A2 — S E A WE Ay —= 102 B W By

So A1 W Ay —E, Bi1 W By and A W A, 33+Lk B1 W By

For =y4.,: if fi, g; are inverses for ¢ € {1,2}, then
fiW fa ok, g1 Wgs ok are inverses.

Equivalent to k: Ex(A; W A2) — EpA; WELAs being Kleisli law

EALWEA, =KOEA WA, 04, WO, 0k =KOERKO0IA w4,
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Theorem
Given

» operation H: C; x --- x C,, — D,

» comonads Cq,...,Cy, D capturing logics J1,. .., Tn, T

» Kleisli law k: D(H(A1,...,A,)) = H(C1(A1),...,Ch(4,))
Then:

Ai =3+ B; implies H( Ay, ..., Ap) =3+7 HB1,...,By)

Ai =pg. Bi implies H( Ay, ..., An) =47 H(B1,...,B,)
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Define semantics for £ in terms of EM(Ey)

EM(Ey) represent forest-shaped covers of objects in R(o) of
height < k

Cofree coalgebra functor F& : R(c) — EM(E},) where
A (ErA,d4)

For (A,a: A — EgA), we obtain an order C,, on A compatible
with the relations

aC, d & ala) is prefix of a(a’)

Subcategory of paths (P, 7) € P C EM(E;) where C is a finite
chain

Embeddings (P, 7) — (A, «) pick out paths, and
(P, m) — F™ A pick out plays.
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A <, B if there exists a span in EM(Ey)

FE(A) L (X, x) L FEr(A)

where f, g are
» Pathwise embeddings e: (P, 7) — (X, x) implies
foe: (Pym)— FE:(A)
» Open maps, a path which can be extended in the
codomain, can be extended in the domain.
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(P, ) —— (Q,p) (P,7) ——(Q,p)

! I [ 1

(X,x) — Fo(A) (X,x) —— Fo(A)

Theorem (Abramsky+S 21)

AHEkB@AEﬁkB

where Ly, is first-order logic up to quantifier rank < k without
equality.
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Compute a span of right type to obtain a FVM theorem for W
and =¢, need a lifting ¥: EM(Ey) x EM(E;) — EM(Ey):

(X, x)
FEx (Al)@JF]Ek (A2) FEx (Bl)ErJF]Ek (B2)
FEx (A & Ay) FEx(By W By)

if fi,gi, then fi & fo, g1 & go are OPEs follows from:

(S1) If f1, fo are embeddings, then fi&fs is embedding

(S2) e: (P,m) — (Ay,1)8(Az, a2), then there exists a ‘minimal
decomposition’
e = e1ley o e

where €;: (P, m;) — (A;, ;) for i € {1,2}
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Compute (Aj, a1)8(Asg, az) as the equaliser in EM(Ey)

F(k)od

(Al,ozl)@(Ag,ag) Lt FE’“(.Al U’JAQ) FE’“(EkA1 HﬂEk.AQ)
F(Oq':ﬂocz)

» Take the cofree substructure on F™ (A; & As)

» Substructure compatible with (A;, «;), i.e. the words
[(il, al), e (’in, an)] € FEr (./41 + ./42)2

laj | i; = 1] € im(a1) [a; | i; = 2] € im(as)
+ is a ‘interleaving’ sum of paths in (A1, a1) and (A, az)

Diagram is dual to the quotient construction of a tensor
product of vector spaces V @ W
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Dualising ideas about bilinear maps from (commutative) monad
theory, we reformulate axioms about W to axioms about &

1. If @ preserves embeddings, then & preserves embeddings.

2. For every (P,7) € P, (A, ;) € EM(Eg) and
f: P — A1 + As such the following diagram commutes:

P ! s A1+ As

J/Tl' lalﬂﬂag (]-)
Ex(P) M Ex(A; W Ay) LN Ex(A;) wEL(As2)

then f has minimal decomposition as f = e Weg 0 ey where
eir (Piymi) — (Ai, i)
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Theorem

Given n-ary operation H that preserves embeddings, comonads
Cq,...,C,, D capturing J1,...,In, T and

ki D(H(Ay, ..., Ap)) = H(C1(A1),...,Ch(Ay)) satisfying a
similar diagram:

A; =7, B; implies H( Ay, ..., An) =7 H(B1,...,By)
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To add equality, we consider a functor t/: R(c) — R(c!) where
ol has additional binary relation I and ! (A) interprets It (A)
as equality on A € R(0)

Consider Ei, o t/: R(0) — R(c!) as a relative comonad over t'.
As (A W Ag) 2t (A Wit (Ay)

Study other enrichments such as first-order logic with a
connectivity relation conn by considering a t®°™"
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Products are easiers since right adjoints, such as the
cofree-coalgebra functor, preserve limits!

Many other comonads to explore:

>

vVvYyVvyy

k-variable logic (Abramsky+Dawar+Wang 17)

modal logic graded by depth

guarded logics (Abramsky+Marsden 20)

hybrid /bounded logics (Abramsky+Marsden 21)

logics with generalised quantifiers (O’Conghaile+Dawar 20)

logics with restricted conjunction (Montacute+S 22)

All of these are examples of arboreal covers which are studied
axiomatically in Abramsky+Reggio 21
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