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Can we represent measurement statistics in a topological way?
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sSet category of
> Objects: functors X : A®® — Set where [n] — X,.

» Morphisms: natural transformations f : X — Y.
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sSet category of
> Objects: functors X : A®® — Set where [n] — X,.

» Morphisms: natural transformations f : X — Y.
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» Objects: [n] ={0,1,---,n} for n > 0.

» Morphisms: order preserving functions 0 : [m] — [n].



The A"
» Generating n-simplex: o®"".

» Face map d; deletes the i-th index and degeneracy map s; copies the j-th index.
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The functor Dg : Set — Set for a semiring R (e.g. R>0)

» Dg(U) is the set of on U, i.e. functions p : U — R of finite support such that
> p(u) =
uey
» For f : U — V the function Dg(f) : Dr(U) — Dg(V) is defined by sending p to the distribution
on V given by
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The functor Dg : Set — Set for a semiring R (e.g. R>0)

» Dg(U) is the set of on U, i.e. functions p: U — R of finite support such that
> p(u)=1
uel

» For f : U — V the function Dg(f) : Dr(U) — Dg(V) is defined by sending p to the distribution
on V given by
v Z p(u).
uef—1(v)
Natural transformation § : ldsee — Dgr where dy : U — Dg(U) sends u € U to the

distribution

s 1 u=u
6" (u) =
0 otherwise.



A consists of
» a space X of measurements where elements of X, represent n-dimensional contexts,

» a space Y of outcomes where elements of Y, represent n-dimensional outcomes.



A consists of
» a space X of measurements where elements of X, represent n-dimensional contexts,

» a space Y of outcomes where elements of Y, represent n-dimensional outcomes.

onY

Dr(Y): A% Y Set 28, Set.

» Functor Dg : sSet — sSet

» Natural transformation ¢ : ldsset — Dgr



A on a scenario (X, Y) is a map of simplicial sets
p: X — Dr(Y).
Each n-context o is assigned to a distribution p, on the set Y, of n-outcomes such that

dipo' = Pd;o

SjPo = Psjo-



A on a scenario (X, Y) is a map of simplicial sets
p: X — Dr(Y).
Each n-context o is assigned to a distribution p, on the set Y, of n-outcomes such that
dips = pd;c
SjPo = Psjo-
Canonical map
© : Dr(sSet(X, Y)) — sSet(X, Dr(Y))

induced by sending r : X — Y to the simplicial distribution

8 X5 Y 3 Dr(Y).



A simplicial distribution p : X — Dg(Y) is called if it does not lie in the image of ©.

Otherwise it is called



A simplicial distribution p : X — Dg(Y) is called if it does not lie in the image of ©.

Otherwise it is called

Generalizes “The sheaf-theoretic structure of non-locality and contextuality” by Abramsky and

Brandenburger (2011).



Triangle scenario p : A2 — Dr,(NZ>)
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Every simplicial distribution on a triangle is noncontextual.

o\ \ﬂ‘j >® o N
SN = X
? —_— — —_—

\

—_—



CHSH scenario p: T° — DRZO(NZZ)
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A distribution on the CHSH scenario is noncontextual if and only if it satisfies

the CHSH inequalities

0 0 0 0
0< Pxo@yo T Pooyi T Pady — Paown <2
0 0 0 0
0< Px@yo T Pxo@y1 — Pady T Paon <2
0 0 0 0
0 < Poay = Poay T Paay T Paay <2
0 < —Playy + Promy, + Paay + Py < 2
S —Pxay Pxody1 Px @yo Pxoy =
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A distribution on the CHSH scenario is noncontextual if and only if it extends to the torus.

2Okay, Kharoof, Ipek 2022






A quantum state p is with respect to M : X — Py /(Y) if the simplicial distribution

p«(M) is (non)contextual.



A quantum state p is with respect to M : X — Py /(Y) if the simplicial distribution

p«(M) is (non)contextual.

Generalizes “Topological proofs of contextuality in quantum mechanics” by Okay, Roberts, Bartlett,

and Raussendorf (2017).



Let ‘H be a Hilbert space of dimension > 3.

Every commutative diagram of simplicial sets

Py (S*) —— Dr-,(S")
5511\/
Sl

is given by the simplicial Born rule, i.e f = (p.)s1 for some quantum state p.

The st

> Generating 1-simplex: o'

» Identifying relation: doo®! = dio®.



The following simplicial set map does not split

s, : ST — Py (SY).



The following simplicial set map does not split

s, : ST — Py (SY).

Every quantum state p is contextual with respect to Idp, (51 : Py (SY) — Px(SY).
> X = Py(S")

> V=26



Thank you for your attention!



