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Part O: DATAFLOW PROGRAMMING




MotvatioN: Datartow Procrammine

L gy e b e s o

fb = 0 rey (4 eey warr Jib + Jib)
nok = O ey (4+ rak)

* Elegank cecussive dakaflow synbix.
» Signal. flow, "trace-like diagrams
» Semanbics: causol streams for the carkesian cose. 16 Signal flow gragh.

E.q. Lustre, Luew. &l ficherolt, Wadge, 85




MOT waTIoN: DatAriow Procrammine
Dafa‘nm programming s o? m.g m for repealed. processes: every

n LS 0. P

& .f Wo wed Lﬂ:} { de‘Oﬂe& slxeam ')

b =0 rey (4 ey warm ﬁ\: fib)
nok = O ey (4+ nak)

* Elegant cecursive dofaflow syntox.
» Sigral. {low, ‘trace-like diagrams
» Semanbics: causal skreams for the @Lﬁ_lﬂ_n wse. FIG. Signo.l {Iow 3"“?“

E.q. Lustre, Lucio.



CausaL Srream Functions

DE?N;‘(I‘ ION. Xﬂ cau\ir.nl shream funckion I:X—> is o. family of funchions

o Th idol. cabegory, the coeisl
i ;%oxx?-»*/. Y m cakegory of %he'm:g: emP{.‘Jntﬁw Hn °"
B YorXunka =i lick's [N, sex] — [N, ser], ust(x)ﬁ I X.

Uehm

unchor taking X=0(,X,X X=(4%X,,.) s
&% l{ke Ofanbrbkmbkug 350 -}-mg 6‘ml:o )ﬁ*)’x
* coolgebraic. Tensoning and. aouxdml:we arguments.

L UUS(:QIJL ) Ve“e

3| Spmrger, Kahswno.tm .’ﬂ



MO NOIDAL DHTF\FLON PROGRAMMING

Whok obout the ron-castesian case? 0
wolk = O ey Unirorm {44} + walk

We imagine what the synbox should be, buk, whak
should (BF\GLC streams ‘in the semankics ?

These will be monoidal skreams.

(ont we extend. the comonad. bo monsidl cobegories? No. We need o. diffrent solution.

Theorem (DLAFR).  The ton-emply List Junchoe Lisk (X)n = ®X: is
0. moroidol. comorad if and only if @ “is o cortesion produck.



MoTIVATION

Todoy, given any ‘Z%Tm;k%co monoidal. categery (€.0,1), we will build.

0 symmekric moro ry of stream processes Stream(C) such fhat

» Stream(€) has an id-on objs Junckor Jrom [N,C1;

» Skeam(€) has a delay monoidal. Junckor, 9 ;

* Steam(€) has deloyed feedback taking 9S©X—=80Y ko X—V;
* Stream(€)  has 0. walgebroic deseripbion ;

e Skream(€) s castesion“when € is 5

* Stream (SET) (s the classical cousal sbreams ;

e Styeam (Socn) @S causal discibf, stochastic processes .,

+ Steam(€) is symm. premoroidal, ¢ eckful or Freyd when € is.

Three. definitions in terms of universal properies, and. three conefructions.



SYNopsIs

Thee defiitions from wiversal propecties, and Hhree explicit: consbructions.
Each one a quotient of the previous.

1. Ihtensionol, streams, o fiest naive version. le l:o'form o ml:eaoty
2. Exlersional steeams, o free cabegory with feedback.
3. Observakionol streams, definitive Solution to o fixpoint eguakion.

Two Known ‘mtimlar cases, and an averue Jor more.
4. Cartesion monoidal streams (Set,x) are causal funckions

(os in Uuskalu-Vene, SPrunger- Jacobs).
2 . Stochaskic streams (KL(D). x) axe controlled stochaskic processes
(classical in the literakure).

3. Kieisli streams of strong montads. Freyd cabegories in generul.
Extra.: implementing sigral Jlow graphs and dakaflow progroms.




( Tntensioral.)
ParT 1 . MoNoIDAL STREAMS




CtreaMs anp Stream Funcions

«ﬂ skream OJ l:,g /A‘-‘-(Ho. ﬂﬁl) 1S an e‘ﬂmenk of Ao (ZO d'.\'ler Wit o skream o-f
bypes A=A, 3

S(A\ g F\o "S(/N).



CtreaMs anp Stream Functions

“H
skream of l:ypes A=(R, A A,...) is an clement of Ao bogether with a, stream of

bypes A= (A, A, A ).

S(AY £ A, xS(N).

By Adareks Theorem, the candidake Solukion is
lim, ., (1 — Ao «-—-onA44—-onA1*A ) =
1 A

ond i is o Solubion, Aox r\An =

n=0

i

=1 Addmek 74



GTreaMs anD Stream FuncTions

“ﬂ 5\:\'90.\1\ {UHC(Z.LOn :(rom X‘-'-(Xo.x..xz....\ (:0\/=(Y°,Y|.y1,,,,\ S O J(O\RCH.O“

Xo = Yo communicaking along o memory chonnel M wilh & stream function

from X=X Yo Xs,.) bo YEOY. Yo Vs,
T (X.Y) = Z\ hom(Xo,Mxyo\ x T ( MxX..Xz.Xs,...;y‘,yz ,Y;»,,...) .

MeSeT

By Adarieks Theorem, the condidabe Solukion is
‘immm ( 1 e hom(XO.Yo) *’hm(Xo,Yo)"hm(XJ X4.Y1)"" ) = ‘[lh’m(XJ "Xﬂ,\/n)i




MONOIDAL STREAMS

“A monoidal skream from  X=(Xo X Xo,.) bY=0LY, Y2, ) is o morphism

Xo— Yo communicating olong o memory chastnel M wilh o monoidal, skream

foom X=X Xo ) b YEY. Y Vs )
TOY)= 1 hom(Xo Me¥) « T (M&R XoXs,.sY. Ve Vs ).

MeSeT

By Adarmekss Theorem, the candidabe Solukion is
litnen (4 «— g: hotn (X, M8Y,) «— @M‘ ottt (Xo Mo®Yo ) x hor (MogX, M@Y\) ¢— --) =
Z n hom(Mn-@Xn. MnQYn\.

M:Dn.6] heN



MONOIDAL STREAMS

DEFINITION (DLAFR ). An (intensiona) morwidal stream X =Y is o fomily of objects
Mo,M.,Mz,... and o, {Gmlly 0{ mOY‘PhismS In: Mn-® X, = Mn@’Yn.

T(X,\Y) = Z rl hom(Mn-@Xn. Mh®Y\*\\.

M:[n.6] heN

THEOREM (DLIFR ). The sek of monoidal steeams, depending ot irtpuks and oukpuks,
s the terminal fixpoint of

TOY = 1y hom(Xo MOY) x T (MR XeXs.sY Y Vs ).

MeSeT



MONOIDAL STREAMS

How to interpret a. ronoidol stream? Tn diogroms,
(4n: Mn1®Xn — Ma®Yn)

LS
\Xo Mo X, M X2 M2 X3

{ fo | (1] (12 [1s) }
H'T ’ ! T v 2 TV ) eea] e

Vo
Mo yO M\ \/\ M?_ \,Z M3 \/3

ad. yields the following "open diagram’.




(_.xtenswmu
Part 7 : MoNOIDAL STREAMS




ExrensionaL STREAMS

Monoidal. streams axe too exlicik: eg.having memories Mu=An®(B,8C,)

is different from having memories M=(An®Bo\®Cy. This makes them fail
to ‘form o COJZCSOTB . \ \

/s 9o
| l
DEFINITION. fn (extensional) wongidal skream is an T ‘
equivalence class of intensional streams under the o \—_'l]
mirimal. equivalence rélabion con&aming (). ; < 7
L [ (v, mon)/ R
f o !;L hom (MM@X\'\. M\'\Qyﬂ\ ' EJ‘]
T ke coends, buk You. may nok; S0 let me Jus(:i{g them . {f {f




Feeoack

Feedback mongidal. cakegories, (! Kakis Sabadini Walkers, axiomakize signal Jlow graphs

using o. guoxded feedbock operakor  fbk: hom (DS®A, S@B) — ham (8, B).
AxiOMS.

DLAFR).  Extensional sk he morphi the
A S S N 3 s Mt e B CT )



FEEDBHCK




FEEDBACK
Dakoflow syntox can be derived. from [N.C] and feedback .

X
FBY = |

because X®0X =X,

1
|
|
i




(Coinduckive
Part 3: MONOIDAL STREAMS




OmservationaL Fauivatence

Jo, wie wak, ok least, extensional equivaleace. (an we vefine it?

SQ)/iVQ to femory withouk ouk?u&,ing s, obsarslaﬁono.uj, J l
the same 0s discarding. However, no amount of -
sliding will \16\‘) Us equﬂbvg these tweo .

| Fay + l

Two streams axe obserabionally eaual if their nth
truncabions can be made ec:‘lu\%jczd,qLmL { -



Covouetive MonobaL Streams

Reasoning with mooidal steeams in well-bebaved. abegories is easy: they are a final eoalgebru..
THeoReM (OL4FR).  Moroidal. sbreams (with observaional. @9.) are the final coalgebra. of
M:C
QON= | hom(Ro Me¥o)x Q (M, XK. Yo Y5 ).

pEFINITION (DLAFR). A rmoncidel streom  FeStream (XoXo...:YoYo.) is
* o memovy M({)e€
* o, now({): Xo— Mlf)®Y,

- and o Latec() e Steeam (MeX, Y, s Vs ).

Quobiented. by {=~ g, meanin . (roid) =
+ the exstenve o¥3(: M) , M(g), . f,:f‘gﬂ“ m‘ow&‘:g )@w Sr- ai\:r(g;;



Covpuctive MonobaL Streams

SEGUENTIQL CoMPosITION WiTH MEMORY of € Stream (A-X,Y)
geStream (8-Y.Z) s witten a5 (539" Sbream (AeB-X.2),

e[mecl k_lj .
- M({%4°) = M) e M(g); "o
. {(j“:g!‘\“\_-‘r- later (1)"“s later (3) by coinduckion;

'"OW( "'\A B X

-3

M) M(9) Zo



Part 1 : EXAMPLES




CarTESIAN MonoiaL Streams

SxY)

fhomx k)« S (MR Xe s,V Y Y )

fhomx.,Mm S(MA KXY s Vs,
= [ o (K M)chom (Ko ) 25 (M, Xo XY Vs,

= hOM(X ,y) "S (X XX .Xz.XS....,Y .\/ ,Ys,...) .

THEOREM. I cartesian monoidol. cabeories, monoidal streams are cousal stream Junctions.



STOCHASTIC MonoaL Streams

In Morkov ries with condikionols,
we con )

|
We use this bo show thak moroidol
streams of stochastic funckions are

the same @S Conkrolled skochastic progesses.




StocuasTiC Processes

DEFINITION. A conbrolled stodnas\:m process {: X—’y s a {o.mblg of
stochastic {unctwns fn: Xox - Xa=> D(Yox--x V) sokisfying

X Xn ’_""’ D(Y X "Y\'I ) CQM.SQL":\!’: U'le -fuliure Xm\ S\'tou,\c\
”l }on ot influence the past Yo,....Ya.
Xox'”xXh — D(Yox‘“*\/l'l).

THEOREM (DLJFR) MOﬂOidO.L sbreams over kl(D\ comade with controlled

skochostic processes.

proof. Non Eriviol. Somehow, the muSnU:y condibion means that the famtlg can
be wrilten aniguely os a monoidol skream.



FURTHER WORK

%] Carelle, de Visme, Perdrix .

Gm we Comptm
with the f?rapln'ca(,
g language hece?
Delayed, Trace.
bl ol e e
memory Cose.

t——)\-).\_ =r

t....._

&) Cruttwell, Gollagher, Lemay, Pronk
7 Bluke, Cockett:, Lemay, Seely
(an we preserve the di ferentiol
stuchge from cartesian ko
monaidal. 7
P‘!dé mdche.gmci Horgwg
ow M aq we (ecover in tecms
5 (conbitmaus) dyramical systems?
How much of the ma};;eb«x in befms
o{ P"ﬂm {mkocs.

22 Power, Robinson
Premonoidal. Streams are arguably
more (ntexesting.




MonozpaL StreaMs For Damariow Rocaannms
Her 1202.02061, to be preserted ot LiCS'22.

Elena, Di Lovore Giovamni de Felice  Moxio Rowan

PEas™ e ™ ™



END




ReLatep Work

T
) Ve ™| g

Wi Wi ] W W
T I e BT e
| i mia l e ‘ g l g

Kakis-Sobadini -Walters. (abegories wikh feedback, wissing delay.
QPrunger-Kafsumab., Ghim-Koye. Finite merovy or ortesion shreams.
Uuskalu-Vene. Caﬂ:esixm sl:reams, diSI:ribuJ:ive laMIS Jor eﬂec(:s .
Hughes - Fokerson. Arowloop are similar, but for brages.

(arette-De Visme-Pecdrix. Syntax Jor similar streams .

Mony others. Calfegoriml. clah;,{ low Funckional veackive rccsmmmtvﬂ,
ROmO:n. OFen d,(agrams via Coend, CO.LOuLLS



ExTrA : IMPLEMENTATION




IMPLEMENTATION
Type theory for sym. morvidal cakegories with feedback .

|

FBK z,
x [Fay]|, seur g(0rsy hiz)) sLwg.t]
| 3 sput Fxw-L] v
- 35 Y RETURN Y .
/ | h

Obvious candicale: Haskell Arrows give notakion for Set-based Freyd cakegories.
. ﬂrrowloop is for braced akegories, n u\eof_(j; it works Jor —Ieedbo.ck.

* Gillub - tvomart Y2 [arvow-streams.



PreMonoipaL CATEGORIES

ﬁsgm. preanoidal. caegory (€,8.1) is o syn.monoidel. cakesory without the inkerchange law.

X >(\ X x\
el 4 9
3 J
Yy v y Y

DEFINITION. The set o
the {inal fixpoint of

The lLSlULuy have o, ‘[Qmil_g o-f “Fure"morrhisms
thak do sakisly interchange, {ormin3 a. monoidal V.

V —=C

Pure — id-on-objecks Junctor — ErrecrruL

This is cled o Freyd. cakegory.

f prammdolstrem ha,Frechakesom\\/-*(\; is

Q(X .\Y) = fMi:zma(Xo.M®Yo) £ Q( M®X..X1.,X3,...;Y‘,yz ,\/3,...) .

Only pure morphisms should slide.

THEOREM. 1§ V' is cartesian, and T is weaKly cavtesian then this firal calgebra
(s constructed lzy observokional Streams.



ExtrA : COINDUCTION




Comnvouctive MonoibaL Streams

DEF|N\T\0N (OLFR). A monoidol ctream  F€Skeeam (Yo X,.sYoY,.) is

* o memory M({)eC€
Q0 rlow({) Xo— M{f)®Y.,

and o lal'm‘}ﬂ e Sl’xenm(M&X X Y.
Quokien

= g, meanng

* the ex\slence. o{ r: M) = M(9),
¢ such thak now(f); (fﬁun now(\
o and Such bhat lolzv(ﬂ Y. laker(g)



Comnvouctive MonobaL Streams

Reasoning with mongidal, strears is easy: they e @ final eoalgebrn. o
S(x '\Y) = f hom(xo.M®Yo3" S(MQX..Xz,Xs,...;Y;,Yg ,Ys,...) . M,
Lﬂt me write Xe[N.G] 7‘0" Xo,X1.... s wrike X+ {Of X1.Xz.... 5
ond wrike M-X ’{92 MeR. Ko Xs....; the equation becomes
SN2 [ hom(X M)« S (M-X*5¥%). "

The coend, connects the M bo the next step.




Comvouctive Monoar Streams

SEQUENTIAL ComposiTioN is well-defined, Given generalors % o and.
g~ b-g, we can show that (/":9°) % (a@b)- (F"59").

Bg coiduckion,

lakec(f) " aber(9)"“'
(r@s)- ( lober ()< bker ) ).

g laber(f) % r- laber (") |
“a uef{g)) xg.hﬁﬁfts').

M) M@) 2o MU M) 2o M) M@ Zo M) M@ Zo

Whm ﬂ.:i(‘a ,‘)3.\AB, we m ({ér) A(s ,.fsgt\ = {6333 rg;_"'AggtB.



ALGEBRA

(o) (o)

) / N\ 1

(o] o o 2

: IATA) 3

% ATh
Fintke Uists. Finite Erees. Nokurol numbers.
LxAxL+1 T=T*1 Nz N+1

Makhematics of suntax.
 Find the tnitial fixpaint of o functor, FX =X .
* Reason inductively.



COALGEBRA

o (o)

L LN 1

z AN 3

4 ARALAEA &
Infinike lists. Infinke Ecees. (onakural numbers.
Lz AxL T=T? Nz N+4

Algebra of stale ond transitions
 Find the Jinal fopoint of o furctor, FX =X.
» Reason coinductively.



COALGEBRA

THeoReM (Lomse ). I the ol oo st i s fial fpoit
TeoreM (Gomek ), 1 the ollowig it is o fooit it is fial

X L. |
Mmool EAEFHEFFH <), =l o ]2
l‘lmnelN( ) P —-FU

That is, bo compute o fixpoint, v Fand it will converge.
oy s o e s e ot P b

Lritiol algebras work koo, bub they will be less interesting.



Cornpucion

Reverse ant unfinibe  tree.

reverse( a; L,r)= (o, reverse((), veverse(r)) m(éoh) : (16 ;\v (0)
' ' (oinduckion
Reverse is self-inverse. Hurathest

o

m(“" (‘525)): ”(m(Agbe)g mmv(Ag m)rev(b)= £



ExtrA : ORSERVATIONAL STREAMS




y

PRrocESs INTERPRETATION
b ol 1> o e O ol o B ot 1
Gien r:N *M {
» P(dd, )()eP(MM) translate ater
P(ru{)(p)sP(NN) translale baorermdffg Mt [ij

These ar2 "morally the same:: diratially epuialrt.

XEC ob;

We write the st/ Pxx) for 23 PN/, the cend of P,
* P(id.r)(p) ~ P, id)(p).




OeservarioNaL Equivaence

So, we wark, ok least, extensional equivdlence. (an we refine it7
Savirg to ithouk oukoulking is, observalionally,
e e oty & oy, ]

siding will help us equabing these bwo.

LB‘I + l *




OeservarioNaL Equivatence

So, we wark, of leask, extensional equivolence. Con we refine it7?

DEFINITION.  The ~ tth- bruncabion of an extensionol stream <fn) is
the fist n components, up to any continuation.

I

e

:.‘..-

In_

Two st bsenabiondll i theic nth
it 5 g ol otk

2 S....:

510

This is ot only o. reasonable-sounding cule,. This

makes observabional Steeams 0. canonical fixpoint.



OrsERvATIONAL STREAMS

Intensiool stveums were te cononical fixpoint of the equakbion
T (X.‘/) = Z hOM(Xo.MQYO) x T (MGX..Xt,Xs,...;Y.,Yg ,Ys,...) .

Me€

THEOREM (DLAFR). Observokional skreams, in ‘E:mu, well-behaved
cokegories (produckive) are bhe mnmwil fixpoint of the equakion

QUNE [ Ham(hMoW) = QMR X Ko, Y1 Vs,

W in all ies? You cold cralt where there i
w:lj;j é':kgom{m%ﬁ wit?:abco Knmf:fg H:e?ﬁ ! ) e

1.0. theve are infiribely descnding chains for . Lochrer-tke order



OrservaTIONAL STREAMS

Why not in all s? You cowld cralt heve Lhere i
T B e, s ok . oy e B v

f Mi\im(Xo.Ma‘l.)x Uﬂ'l‘euf e !!j‘ hOM(Mc«@Xa.Ma@Yi\
Z Vv {ine

M:€ M,,... My n
T ™™ hom(oMeW)» [ hom(M..6X. Mo
% X only discrete coproducts commube with comecked limiks

™ ™" hom(Xo M) 1 hom(McX.. Mco¥:)
L. there are infiitely descending chains for 0. Lochrer ke order
Nobhing bo worry in semi castesian, compack csed and fredly geneschd. mordidals.




FxTrA © EXAMPLE




MotvatioN: Datariow Procramming

fb = 0 rey(Jib+1 rev warr fib) 0

Time. fib warr({ib) {eeywar fib

e LOPBO




MotvatioN: Datariow Procrammine

fb = 0 rey(dib+ 4 ey warr ib)

Time. fib warr({ib) 4 ravwar fib
0 * 1

e LR




MotvatioN: Datariow Procramming

fb = 0 rey(dib+ 4 ey warr ib)

Time. | fib warr({ib) 4 revwar fib
0 * 1
1 C] C)

B Y SN o




MoTvatioN: Datariow Procrammine

fb = 0 ey (dib+ 4 rey warr fib)

Time. fib warr(fib) 4 eeywan fib
0 0 % 1
1 1 o )]
1 1 1 1
3
y




MOT IVATION: D(-\THFLOW PROGRAMMING

fb = O rey(Jib+4 rey warr fib)

Time. fb warr({ib) 4 eaywan fib

LOPO
RICTING
RFCTENT S
PR




MOT IVATION: DHTAFLOW PROGRAMMING

{edm delayed .

fb = 0 ey (Jib+ 4 rey warr fib)
Time. fb warr({ib) 4 eaywar fib

0 0 * 1

v/ 1 6] C]

1 4 1 1

) 2 1 1

Y 3 2 2

How o ensure the oubput is well-defined? Delaed bypes. \



FBY

LD

FBY

x4 FBY




ExTrA : LENSES




DINATURALITY AND Coenps

Given P: €*C—~SET, consi . 5 P,
i e et e el by
P(d.r)(p) ~ P(r,id)(p).

XEC obj

We write the set. [ Peex) for 2 PXX)/w , bhe coend of P

xeﬁobj

“The coend., [, comnects both Xs."



MoTIVATION

In the process inferpretabion a/ rnonmdal. (al:egonzs morphisms A- B

Qre processes with an m|m.l'.

However most grocesses (Servers drivers, agents,. ) are confinuously baxing

L%

1, ......
| dosed diogram vs [ o,oerf',jrereaked,mdiagmn.
A 74

22| Romdn. Open Dingams Vta.CoerdCaLaAhAs Act20.
22| Roman.” Comb Dwugrams for Disaete-Time Feedback . Preprint.




MoTIVATION

Lenses can be. used. [:o describe o. single exchange,
Lerses( A B) - (A B:M)hom (A8 = hom(1.8)<hom(A-4,B);
but /lxpoml:mg Hle exchange, We geb causal skream funchions.
St (A:8) = om (A, BM)< St (5B = hom A8 Stesn (R038).
Stean(A:8) & Optic(Set., Stream)( (A, A5 8. B,
Given the mlnﬁv: ﬂ::h uu(l,,{ {ng funckions, the cakegory of stochastic
Sl:ochProc(ﬁ B) & Optic(Stoch, StochProc) (A, A3(8, B




ExTrA : EXPRESSIVITY




E xpreSsVITY

Ort the the paper.  Whak is the wity o
mﬂaig& ov:regl:So:l{ generabors?  The 40 much%n G{BEIh:rS his.

¢ k- Linear funckions: hidden multivosioble linear recurvence equakions.

S Aw - A M
‘ W o°° n Woeoo w .
S“ E*‘ Xu‘ e°° A“u M'n LAY M“K

Oxly

(b‘) ('-P.“ cee tpm Yo ... Y } Sn
)= T : Q.
n lll"’lPO\ Meooo .mg :
Y m Y Y O




E ypressvITY

Orth the the r. What is th Wity o
Je:dbggdo(mignﬁc ov;regl: so:!e genemt? The gt(.)e ?ogel:srsuch%n jns%:rs this.

e Poolean Circuiks: controlled. deterministic aukomata (w/boolean 10).




E xpRESSIVITY
Monoidal steams over botal velakions can be. inkerpreked as Biichi aukomata.,

:A+A—A T:O—»ﬂ :A—A+A A-0  @:A-A
merge unreachable choase oncak 'x token
ExameLe: 0%1(0"4)" .
& FBY
X
Pork's equakions. :\ D @] L&
X = 0X +1Y °6@/ y) 7
Y52 N© e
2> 0Z+4W
W= 4Y






