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Background

o Mathematical Morphology (MM), 1960s image processing (Serra [2],
Serra et al [3]).

o Two main ingredients:

o Binary image: Modelled as o Structuring element: A pattern
| C 72 of of pixels B C Z?.

Dilation
I ®B:=Upeplbwhere I, :={i+b|iel}

Erosion
I ©B:=\pegl-pwhere I_,:={i—b|icl}
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Relational Approach
o Structuring elements B C Z? induce binary relations
Rg := {(x,x + b) | x € Z? and b € B}.
Dilation of / by R

I®&R:={xcZ?*|3yecZ? yRx ANy €}

Erosion of / by R

IOR:={xcZ?|VycZ? xRy »ycl}

o l®B=1®Rsg,
o loB=10Rsg,
o IR =201
o loR=0I
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Relational approach

Equipping PZ? with the binary relation C yields an adjunction:

Corollary
For any R C 72 x 7?:

2 28 2
P72 1 PL
-oR

Lemma

pz2 R , py2 P72

d - il

(fpz2)op —oR (fpz2)op

— SR, pr2

l_

(P22)op -oR (fpz2)op
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Graph MM

o Binary Graph MM (Stell [4]):

IBA (UL)

| Concept [ (Binary) Set MM | (Binary) Graph MM |
Grid of Pixels Set 72
Relation RCZ?>x1Z?
Image space PZ?
Converse RC7Z2x72
Complement || — : PZ — (PZ)°P
Dilation -~ ®R:PZ—PL
Erosion

—©R:PZ— PL

BCTCS 2025

April 2025

7/30



Graph MM

o Binary Graph MM (Stell [4]):

IBA (UL)

[ Concept || (Binary) Set MM | (Binary) Graph MM |
Grid of Pixels Set 72 Preorder X = (X, <)
Relation RCZ>x17?
Image space PZ?
Converse R C 72 x 72
Complement || —: PZ — (PZ)°P
Dilation —®R:PZ— PL
Erosion - o R:PZL— PL

BCTCS 2025

April 2025

7/30



Graph MM

o Binary Graph MM (Stell [4]):

IBA (UL)

[ Concept [ (Binary) Set MM | (Binary) Graph MM
Grid of Pixels Set 72 Preorder X = (X, <)
Relation RCZ2x72 Monotone relation R C X x X
Image space PZ?
Converse RC7Z2x72
Complement || —: PZ — (PZ)°P
Dilation - ®R:PZ—PL
Erosion —-6R:PZ— PZL

BCTCS 2025

April 2025

7/30



Graph MM

o Binary Graph MM (Stell [4]):

IBA (UL)

[ Concept [ (Binary) Set MM | (Binary) Graph MM

Grid of Pixels Set 72 Preorder X = (X, <)
Relation RCZ2x72 Monotone relation R C X x X

Image space PZ? Upsets Up(X)
Converse RC7Z2x72

Complement || —: PZ — (PZ)°P
Dilation - ®R:PZ—PL
Erosion —-6R:PZ— PZL

BCTCS 2025

April 2025

7/30



Graph MM

o Binary Graph MM (Stell [4]):

| Concept [ (Binary) Set MM | (Binary) Graph MM

Grid of Pixels Set 72 Preorder X = (X, <)
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Graph MM

o Binary Graph MM (Stell [4]):

| Concept [ (Binary) Set MM | (Binary) Graph MM
Grid of Pixels Set 72 Preorder X = (X, <)
Relation RCZ%2x72 Monotone relation R C X x X
Image space PZ? Upsets Up(X)
Converse RC7Z2x72 Left and right converse W R,A/R C X x X
Complement || —:PZ — (PZ)°P | Pseudocomplement and dual —, - : Up(X) — Up(X)°P
Dilation - ®R:PZ—PL —® R : Up(X) — Up(X)
Erosion —©R:PZL— PL — 6o R : Up(X) = Up(X)

o Semantics for BISKT (Stell et al [5]):

o dp=[p]®R
o Op:=[¢]leR

Qo <>QO e _ID_|S0v
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Goal

Extend the MM framework to account for:
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Goal

Extend the MM framework to account for:
o Graphical images — Order Theory
o Images valued on Greyscale/Colours— Quantale Theory

Order Theory + Quantale Theory — Quantale Enriched Theory

Project

We propose a framework within Quantale Enriched Category Theory that
accounts for Colour/Greyscale Graph MM.

IBA (UL) BCTCS 2025 April 2025 8/30



Quantales

Quantale 9

A complete lattice Qg equipped with a composition operation
-1 Q@ x Q@ — Q that preserves sups in both arguments and has a unit
element e € Q.

There are two residual operations > : Q X Q% — Q% and
< Q% x Q — 9 satisfying the following condition:

f-—4f>—and —g4—<g.

Quantale morphism

A quantale morphism o : Q@ — Q' is a sup-lattice morphism that preserves
the composition and the unit element.
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Involutive and Girard Quantales

Involutive Quantale

A quantale Q equipped with an involutive quantale morphism
(=)' : @ — QP is said to be an involutive quantale.

Girard Quantale

A quantale Q is Girard if there exists an element d € Qg that:
o f>d=d<f (Cyclic),
o d < (fr>d)=f (Dualising)

for every f € Qp.

The cyclic and dualising element in a Girard quantale Q induces an
involutive sup-lattice morphism (—)* : @ — Q% (f i f 1> d).
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Examples

Some examples of involutive Girard quantales:
o The Boolean algebra 2 where - = A.

o The three element chain 3 equipped with the composition operation:

[ [T[L]L]

T
1
€L

H | -

TT
1T
[

o The diamond lattice M3 (L < a, b, c

composition operation:

< T) equipped with the

[ [L[a[b[c]T]
L L L)L) L)L
allLlla|b|c|T
bl L|b|cl|a|T
c||L|lclal|b|T
T L|T|T|T|T
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Q-enriched structures

Q-category
A Q-enriched category X consists of a set X equipped with a function
X(—,—): Xo x Xy — Q that satisfies:
0 e < X(x,x),
o X(x,x") - X(x,x") < X(x,x").
X(—,—) induces a preorder on Xj:
o x <X (in X) e e< X(x,x) (in Q).

O-functor
A O-functor F : X — Y is a function where X (x,x") < Y(Fx, Fy).

We let Catg be the 2-category of Q-categories and Q-functors.
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O-distributors

O-distributor

Given two Q-categories X and ), a Q-distributor R : X & ) is a function
R Xy x Yo — Q satisfying the following two axioms:

o X(x,x") - R(X,y) < R(x,y)
° R(x,y)-Y(y,y") < R(x,y)

Let Distg be the quantaloid of Q-categories and Q-distributors. Then:
o (R=5)(x,2) ==V ey, R(x,y) - S(y,2),
o (R» T)(y,2) = Nex, R(x,¥) > T(x, 2),
o (T 4S5)(x,y):= /\zezo T(x,z) < 5(y, z).
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Q(-co)-presheaves

Q-co-presheaves
A Q-co-presheaf is a Q-distributor ¢ : x & X. UX is the Q-category of
co-presheaves where UX (¢, ¢') = p 4 ¢'.

o < ¢ (inUX) iff ¢’ < ¢ (in Distg)

Q-presheaves
A O-presheaf is a Q-distributor ¢ : X & x. DX is the O-category of
presheaves where DX (¢, ¢') = ¢ » 9.

¥ < (in DX) iff » < ¢’ (in Disto)
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Example

o Any preorder X = (X, <) is a Q(2)-category X where X(x,x’) =T
iff x < x/,
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Example

o Any preorder X = (X, <) is a Q(2)-category X where X(x,x’) =T
iff x < x/,

o Any monotone relation R C X x X is a Q(2)-distributor
R: X3 X.

o Any upset U € Up(X) is a Q(2)-co-presheaf ¢y : * & X where
pulx)=Tiff x e U.
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Example

’ Concept H Graph MM ‘ O-generalisation ‘
Grid X O-category X

Relation R C X% x X | Q-distributor R: X &= X

Image Space Up(X) Q-category UX
Dilation — @R
Erosion -OoR
Converse VR C XPxX

Complement =,
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Generalising dilations and erosions

Theorem (Stubbe [6])

For any two Q-categories X and ), Distg(X,)) is locally equivalent to
Co-ContZ(UX,UY) and ContI(UX,UY).

Idea

Any Q-distributor R : X & ) acts on UX and UY defining an adjunction
of Q-categories:
—<R
—
uy L Uux

%
—R

o —+«R = Q-generalisation of —® R
o — 4 R = Q-generalisation of —6 R
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Defining the converse

Lemma

For any Q-category X, the structure X1 where XT(x,x') = X(x',x)1 is a
Q-category. For any Q-distributor R : X &~ ), the function
RY(y,x) = R(x,y)" is a Q-distributor RT : YT a» X1

Corollary

The dagger involution in Q induces a quantaloid isomorphism
(=)' : Distg — Disty (X — XT, R RY).
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Defining the converse
Goal

Define a converse type of operation \» : Distg — Distg’ that is the
identity on objects.

Definition
Matrg is the quantaloid where:
o Objects are sets,

o For any two sets X and Y, Matrg(X, Y) is the complete lattice of
matrices ® : X &~ Y, functions of type ®: X x Y — Q.

Proposition
The function | — | : Distg — Matrg that:
o Maps X to its underlying set |X|
o Maps R: X & ) to the underlying matrix |R| : |X| & ||

is a lax quantaloid morphism.
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Defining the converse

Lemma

For any two Q-categories X and Y:

Disto(X,Y) ————— Matrg(|X],[)])

where:
[+ (DT = ].X'(D'ly,
) ¢¢::1X>¢<1y
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Defining the converse

Since for any Q-categories X, |X| = |XT| and |V| = |VT]:

|,
Dist (X1, ") L Matr(1X1],|V1]) = MatrZ(|]. V)

=l Ao

Disto(X, 3}) 1 DlstOP(X Y)

Definition

For any O-distributor R : X & ) let:
o UR:=1y+|R| 1y,
o VR :=1y» |R| € 1y.
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Defining the converse

Theorem
The map \» : Distg — DistZ that:

o Is the identity on Q-categories,

o Maps every O-distributor R: X & ) to\wR: Y v X,
is a function that satisfies the following properties:

Q U(\/I R,) = \/i UR,', 0 Ly <\Uly,
o H(R-S) < US.UR, o R<WVUR
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Define complement type operations

Theorem (Rosenthal [1])
If @ is a Girard quantale, then Distg is a Girard quantaloid.

The linear negation (—)* : Distg — Distg " maps every Q-distributor
R:X 9 Y to the Q-distributor R* : ) & X where R*(y,x) = R(x,y)*.
Corollary

For any two Q-categories X and )/, there exists a local equivalence betwen
Disto (X, ) and Distg (X, ).
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Define complement type operations

We can define the local adjunction:

— —
Dist<® T T co T T ~ co
istg (X7, ") - Matrg (|X],[Y"]) = Matrg (|X1, V)
&
Dist (X1, V1) =1 F ()
Disto(X,)) L Distg (X, Y)
< ,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Define complement type operations

and the local adjunction:

MatrZ (|X],|Y]) g MatrZ (| X1, |VT[) L Distg(XT,)7)

=] 4 [ Disty (X1, V)
ffffffffffffff T
Distg (X, y) L Disto(X,))
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Define complement type operations

Definition

For any O-co-copresheaf ¢ : x & X, let:

0 Ly = |<,0\*Jr « X(—,—), 0 L= ‘(pTﬂ < X(—,-),
o o= |p|*T «X(—,—) o —p = |pl*| 4« X(—,—) )
Lemma

For any Q-category X, the complement-type operations form the
adjunctions of Q-categories:

= RN
ux o Ux)t L ux
— —

[ -
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Correspondence between dilations and erosions

Theorem
For any Q-distributor R : X 3+ Y, the following diagrams commute:

uy —*f ux ux —R . yy
al |- l |-
UV —z )t UX)T ——p UY)!
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Conclusion and Future Work

o Framework for Colour/Greyscale Graph MM within Quantale Enriched
Category Theory

‘ Concept H Q-enriched generalisation ‘
Grid O-category X’
Relation O-distributor R: X & X
Image Space Q-category UX
Dilation —+*R
Erosion — <R
Converse UR: X+ X
Complement -,

o Role of the right converse.

o Build a modal logic that allows for spatial reasoning of
Greyscale/Colour Graph MM.
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Thank You Very Much!
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