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What is bi-intuitionistic logic?

In (intuitionistic) logic, implication is a right adjoint to conjunction:

φ ∧ ψ ⊢ χ iff φ ⊢ ψ → χ

Dually, one can study exclusion as a left adjoint to disjunction:

φ ψ ⊢ χ iff φ ⊢ ψ ∨ χ

In classical logic φ ψ is just φ ∧ ¬ψ, intuitionistically there’s more to it:

Initial study by Moisil 1942, Grzegorczyk 1964, Klemke 1971, Rauszer 1980

Errors found by Crolard 2001, Pinto/Uustalu 2009, Goré/Shillito 2020

Recent advances by Deakin/Shillito, Olkhovikov/Badia, Lyon/Shillito/Tiu
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What is (propositional) bi-intuitionistic logic?

Syntax: φ ∶∶= p ∈ V ∣ �̇ ∣ φ ∧̇φ ∣ φ ∨̇φ ∣ φ →̇φ ∣ φ ˙ φ

¬̇φ ∶= φ →̇ �̇ ∣ ∼̇φ ∶= ⊺̇ ˙ φ

Axiomatic system: axioms for IL, (MP)

⊢ [Γ ∣∆] ∶= ∃∆′ ⊆f ∆. Γ ⊢ ⋁̇∆′

A10 φ →̇ (ψ ∨̇ (φ ˙ ψ))
∅ ⊢ φ
Γ ⊢ ¬̇∼̇φ

(wDN)
A11 (φ ˙ ψ) →̇ ∼̇(φ →̇ψ)
A12 ((φ ˙ ψ) ˙ χ) →̇ (φ ˙ (ψ ∨̇χ))
A13 ¬̇(φ ˙ ψ) →̇ (φ →̇ψ)

Kripke semantics: A

Frames: preordered sets (W ,≤) (i.e. ≤ is transitive and reflexive)

Persistence: ∀p ∈ V.∀w , v ∈W . w ≤ v ∧ w ∈ I (p) → v ∈ I (p)
Interpretation: M,w ⊩ φ ˙ ψ if

Conservative extension: BIL�̇ ∧̇ ∨̇ →̇ = IL (using LEM in the meta-theory)
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Kripke completeness for BIL

Theorem
If φ is forced in all (propositional) Kripke models, then it is derivable in BIL.

Previous proofs by Rauszer found to be erroneous:

Wrongly rely on rooted models

Confusion about status of the deduction theorem

Shillito and K. (CPP’24):

Simple canonical model construction

Mechanisation in Rocq

Analysis of constructive strength following Herbelin/K. 2023:

Completeness∗ ↔ ∀X ⊆ N.¬¬∀n. (n /∈ X ) ∨ ¬(n /∈ X )
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What is (first-order) bi-intuitionistic logic?

Syntax:

Terms: t ∶∶= c ∣ x ∣ f (t⃗)
Formulas: φ ∶∶= Pt⃗ ∣ �̇ ∣ φ ∧̇φ ∣ φ ∨̇φ ∣ φ →̇φ ∣ φ ˙ φ ∣ ∀̇xφ ∣ ∃̇xφ

Axiomatic system: axioms for BIL, (MP), (wDN), and

A14 ∀̇x(ψ →̇φ) →̇ (ψ →̇ ∀̇xφ) Γ ⊢ φ
Γ ⊢ ∀̇xφ

(Gen)
Γ ⊢ φ →̇ψ

Γ ⊢ ∃̇xφ →̇ψ
(EC)A15 ∀̇xφ →̇φ[t/x]

A16 φ[t/x] →̇ ∃̇xφ

Non-conservative extension: FOBIL proves constant domain axiom, FOIL does not

∀̇x(φ(x) ∨̇ψ) →̇ (∀̇xφ(x) ∨̇ψ)
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Constant domain Kripke semantics

Constant domain axiom: surely there is a hint here...

Kripke semantics: (W ,≤,D) ; persistence atoms Pt⃗ ; assignment α ∶ Var ↦ D

Interpretation ∀̇: M,w , α ⊩ ∀̇xφ if ∀d ∈ D.M,w , α[d/x] ⊩ φ
Interpretation ∃̇: M,w , α ⊩ ∃̇xφ if ∃d ∈ D.M,w , α[d/x] ⊩ φ

Conservative extension: FOBIL�̇ ∧̇ ∨̇ →̇ ∀̇∃̇ = FOCDIL

At least as soon as completeness is established...
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Kripke completeness for FOBIL

Theorem
If φ is forced in all (first-order) Kripke models, then it is derivable in FOBIL.

Previous proofs:

Rauszer: already erroneous in the propositional case

Klemke: in German, difficult, errors (Olkhovikov/Badia 2022)

K. and Shillito (CSL’25):

Simple canonical model construction by dualisation of FOCDIL completeness
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Algebraic semantics

Definition
A (complete) bi-Heyting algebra is a (complete) Heyting algebra (H ,≤,0,⊓,⊔,⇒)
with an additional binary operation characterised by:

x y ≤ z iff x ≤ y ⊔ z

Given a (complete) bi-Heyting algebra H , interpret formulas of (FO)BIL:

⟦φ ˙ ψ⟧ ∶= ⟦φ⟧ ⟦ψ⟧ ⟦Pt⃗⟧ ∶= I (Pt⃗) ⟦∀̇xφ⟧ ∶= ⊓
t ∶tm
⟦φ[t/x]⟧

Fact
(FO)BIL is sound for (complete) bi-Heyting algebras.
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Algebraic completeness for BIL

Theorem
BIL is complete for bi-Heyting algebras.

Proof.
Consider the Lindenbaum algebra L = (fm, ⋅ ⊢ ⋅, �̇, ∧̇ , ∨̇ , →̇ , ˙ ).
Observe that it is bi-Heyting (by ND-style proof rules).

Observe that ⊢ φ iff 1 ≤ ⟦φ⟧ in L (by construction).

Conclude completeness.
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Algebraic completeness for FOBIL

Lemma (cf. Harding/Bezhanishvili 2004)

Every bi-Heyting algebra embeds into a complete bi-Heyting algebra.

Proof.
1 Given (H ,≤,0,⊓,⊔,→) consider Hc ∶= {X ⊆ H ∣ (X u)l ⊆ X}.
2 Complete lattice ordered by inclusion, canonical embedding x↓∶= {y ∣ y ≤ x}.
3 Set X ⇒c Y ∶= {x ∣ ∀y ∈ X . (y ⊓ x) ∈ Y } to make it Heyting.

4 Set X c Y ∶= {x ∣ ∀y ∈ Y u. (y ⊔ x) ∈ X u}l to make it bi-Heyting.

Theorem
FOBIL is complete for complete bi-Heyting algebras.
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Strong completeness for algebraic semantics
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