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Type-Theory of Acyclic / Full Algorithms: Lλ
ar / Lλ

r , Moschovakis [10]

Algorithmic CompSynSem of Natural Language (NL) via Lλ
ar / Lλ

r

NL Syn ⇐⇒︸ ︷︷ ︸
render

Lλ
ar /L

λ
r ⇐⇒ Algorithms for Comp︸ ︷︷ ︸

Algorithmic Semantics

=⇒ Denotations︸ ︷︷ ︸
Denotational Semantics︸ ︷︷ ︸

Algorithmic CompSynSem Interfaces

Denotational Semantics of Lλ
ar / Lλ

r : by induction on terms

Reduction Calculus A ⇒ B of Lλ
ar / Lλ

r : by (10+) reduction rules

The reduction calculus of Lλ
ar / Lλ

r is effective
Theorem: For every A ∈ Terms, there is unique, up to congruence,
canonical form cf(A), such that:

A ⇒cf cf(A)

Algorithmic Semantics of Lλ
ar / Lλ

r
For every algorithmically meaningful A ∈ Terms:

cf(A) determines the algorithm alg(A) for computing den(A)

In a series of papers, I extend Lλ
ar / Lλ

r by new computational
facilities, see Loukanova [1, 2, 3, 4, 5, 6, 7, 8, 9]



Overview of Type-Theory of Algorithms
Syntax of Lλ

ar / Lλ
r

Chain Reduction Calculus
Motivations and Outlook

References

Syntax of Type Theory of Algorithms (TTA): Types, Vocabulary

Gallin Types (1975)

τ ::= e | t | s | (τ → τ) (Types)

Abbreviations

σ̃ ≡ (s → σ), for state-dependent objects of type σ̃ (1a)

ẽ ≡ (s → e), for state-dependent entities (1b)

t̃ ≡ (s → t), for state-dependent truth vals: propositions (1c)

Typed Vocabulary, for all σ ∈ Types

Constsσ = Kσ = {cσ0 , cσ1 , . . . } (2a)

∧,∨,→ ∈ Consts(τ→(τ→τ)), τ ∈ { t, t̃ } (logical constants) (2b)

¬ ∈ Consts(τ→τ), τ ∈ { t, t̃ } (logical constant for negation) (2c)

PureVσ = {vσ0 , vσ1 , . . . } (2d)

RecVσ = MemoryVσ = {pσ0 , pσ1 , . . . } (2e)

PureVσ ∩RecVσ = ∅, Varsσ = PureVσ ∪ RecVσ (2f)
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Definition (Terms of TTA: Lλ
ar acyclic recursion / Lλ

r full recursion)

A :≡ cσ : σ | xσ : σ | B(ρ→σ)(Cρ) : σ | λ(vρ) (Bσ) : (ρ → σ) (3a)

| Aσ0
0 where { pσ1

1 := Aσ1
1 , . . . , . . . , pσn

n := Aσn
n } : σ0

(recursion term)
(3b)

| ∧ (Aτ
2)(A

τ
1) : τ | ∨ (Aτ

2)(A
τ
1) : τ | → (Aτ

2)(A
τ
1) : τ (3c)

| ¬(Bτ ) : τ (3d)

| ∀(vσ)(Bτ ) : τ | ∃(vσ)(Bτ ) : τ (pure quantifiers) (3e)

| Aσ0
0 such that {Cτ1

1 , . . . ,Cτm
m } : σ′

0 (restrictor terms) (3f)

| ToScope(Bσ̃) : (s → σ̃) (unspecified scope) (3g)

| C(Bσ̃(s)) : σ̃ (closed scope) (3h)

cσ ∈ Constsσ, xσ ∈ PureVσ ∪ RecVσ, vσ ∈ PureVσ

B,C ∈ Terms, pσi
i ∈ RecVσi

, Aσi
i ∈ Termsσi

, C
τj
j ∈ Termsτj

τ, τj ∈ { t, t̃ }, t̃ ≡ (s → t) (type of propositions)
ToScope : (σ̃ → (s → σ̃)), C : (σ → σ̃), s : RecVs (state), σ ≡ t
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Chain Rule
Compositional Linking: SynSem Interface

Here, I present a reduction rule that removes “chain” assignments:

q := p, p := A

q := λ(−→y )
(
p(−→y )

)
, p := A (modulo λ-abstraction)

Chain Rule

For any A,Ai ∈ Terms, p, q, pj ∈ RecVars, yk ∈ PureVars, such that
Ai{ q :≡ p } is the replacement of all occurrences of q in Ai with p,
for i ∈ { 0, 1, . . . , n }, j ∈ { 1, . . . , n }, k ∈ { 0, 1, . . . ,m } (n,m ≥ 0),

C ≡c

[
A0 where { q := λ(−→y )

(
p(−→y )

)
, p := A, p1 := A1,

. . . , pn := An }
] (4a)

(chain)

⇒ch

[
A0{ q :≡ p } where { p := A, p1 := A1{ q :≡ p },

. . . , pn := An{ q :≡ p } }
] (4b)
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Chain Rule
Compositional Linking: SynSem Interface

Compositional SynSem Interface

The syntactic components are rendered directly into canonical forms:

the
render−−−→ d where { d := the } : ((ẽ → t̃) → ẽ) (5a)

[the cube]np
render−−−→ T 0 ≡ i where { i := d(c), d := the, (5b)

c := cube︸ ︷︷ ︸
specification of c

} : ẽ (5c)

[is large]vp
render−−−→ TisLarge ≡ b where { b := isLarge } : (ẽ → t̃) (5d)

Composition of the sub-terms directly into canonical forms:

{ [The cube]np, [is large]vp }s
render−−−→ T 2 ≡ cf(TisLarge(T

0)) (6a)

T 1 ≡ TisLarge(T
0) : t̃ (state-dependent proposition)

⇒ b(e) where { e := i, i := d(c), d := the, c := cube,

b := isLarge } : t̃ (without (chain) rule)

(6b)

T 1 ⇒ch b(i) where { i := d(c), d := the, c := cube, by (chain)

b := isLarge } ≡ cf(TisLarge(T
0)) ≡ T 2 : t̃

(6c)
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Motivation & Otlook for Type Theory Lλ
ar / Lλ

r / DTTSI

Parametric Algorithmic Patterns, for efficient semantic
representations, ambiguities, and underspecifications

Parameters can be instantiated depending on:
context, specific areas of applications, etc.

Translations between:

natural language of mathematics and

formal languages of proof and verification systems

Lλ
ar / Lλ

r into Dependent-Type Theory of Situated Info (DTTSI)

Lλ
ar / Lλ

r / DTTSI provide Computational Semantics with:

denotations

algorithms for computing denotations

8 / 14



Overview of Type-Theory of Algorithms
Syntax of Lλ

ar / Lλ
r

Chain Reduction Calculus
Motivations and Outlook

References

Conclusion

The algorithmic semantics of Lλ
ar Lλ

r is determined by
the canonical forms cf(A):

Syntax of Lλ
ar (Lλ

r ) =⇒ Algorithms: alg(A) = alg(cf(A)) =⇒ Denotations den(A)︸ ︷︷ ︸
Algorithmic Semantics of Lλ

ar(L
λ
r )

Looking Forward!
Thanks!
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